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Abstract

In this thesis, we study Lagrangian mean curvature flow of monotone Lagrangians in
two different settings, finding interesting and contrasting behaviour in each case.

First, we study the self-shrinking Clifford torus in C2. On the one hand, we find a
family of C¥-small Hamiltonian deformations that force type II singularities to form. On
the other hand, we find that any Hamiltonian deformation restricted to the unit sphere
flows back to the self-shrinking Clifford torus after rescaling.

Second, we study Lagrangian mean curvature flow in Kihler—Einstein manifolds
with positive Einstein constant. We show that monotone Lagrangians do not attain type
I singularities under mean curvature flow, an analogue of a result of Wang [49].

Next, we investigate Lagrangian mean curvature flow of Vianna’s exotic mono-
tone tori ( [47], [48]) in CP?. We define an (S I Z,)-equivariance, and we prove a
Thomas—Yau-type result in this setting. We define a surgery procedure and show that
any equivariant monotone Lagrangian torus exists for all time under mean curvature
flow with surgery, undergoing at most a finite number of surgeries before converging to
a minimal Clifford torus.

In particular, our result show that there does not exists a minimal equivariant
Chekanov torus. Furthermore, we explicitly construct a monotone Clifford torus which
has two finite-time singularities under mean curvature flow with surgery, becoming a

Chekanov torus before eventually returning to become a Clifford torus again.






Impact Statement

Lagrangian mean curvature flow seeks to answer fundamental questions arising from
mirror symmetry by means of a geometric flow. The process of finding and under-
standing special Lagrangian submanifolds and their deformations lies at the heart of the
homological mirror symmetry and SYZ conjectures. These conjectures have ramifica-
tions for physics and string theory since Lagrangian submanifolds (or A-branes) are a
proposed boundary condition for open strings.

Geometric flows have found many uses over the last 40 years, in mathematics and
in other fields. In mathematics, Donaldson used Yang—Mills flow to find Hermitian
Yang—Mills connections on stable bundles. Perhaps most notably, Perelman proved the
Poincaré conjecture by use of Hamliton’s Ricci flow. In physics, Bray solved the Rie-
mannian Penrose conjecture by use of a geometric flow. In computer science, Geometric
flows have found application in image processing.

In this thesis, we study Lagrangian mean curvature flow and its singular behaviour,
particularly in the complex projective plane. Although the focus is on specific examples,
the methods used are deliberately chosen to have a wider application. The ideas and tools
developed are arguably just as important as the results, which show interesting, new and
at times unexpected behaviour. We expect that the themes of the thesis and the methods
used will be of use to anyone wishing to study Lagrangian mean curvature flow in Fano

manifolds in the future.
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Chapter 1

Introduction

1.1 Historical remarks

1.1.1 Mirror symmetry and Lagrangian mean curvature flow

At the turn of the millennium, two revolutions were occurring in different halves of
geometry. The first came in algebraic and symplectic geometry from a somewhat sur-
prising source. In physics, attempts to quantize gravity had led to string theory. In this
theory, particles gain a dimension to become 1-dimensional strings and this necessitates
the enlargement of the background spacetime from 4 dimensions to 10. This is achieved
by augmenting the usual 4-dimensional Minkowski space with tiny 6-dimensional man-
ifolds, which for physical reasons known as supersymmetry must have the structure of
Calabi—Yau 3-folds.

A pattern first observed by physicists while performing this quantization led to
mirror symmetry, a conjectural identification of Calabi—Yau manifolds M with a mirror
Calabi-Yau M. Despite the lack of physical evidence in favour of string theory, or
mathematical rigour in the physical derivation of the mirror symmetry, the series of
conjectures spawned from this observation turned out to be remarkably prescient. They
found initial success in enumerating various mirror pairs of Calabi—Yau manifolds with
inverted Hodge numbers (h!'! (M) = h*!(M) and vice versa) [8] by a theory known as
closed string mirror symmetry. A few years later, consideration of open string mirror
symmetry led to two wide ranging and influential conjectures, known as Kontsevich’s

homological mirror symmetry or HMS [28] and the Strominger—Yau—Zaslow or SYZ
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conjecture [44]. In addition, evidence begun to mount that mirror symmetry existed in
some form for a wider class of Kidhler—Einstein manifolds in some form [23].

On the one hand, the SYZ conjecture posits a mirror relationship between special
Lagrangian fibrations of M and M. These special Lagrangian fibrations (i.e. fibrations of
M by half-dimensional volume-minimising Lagrangian submanifolds) are largely con-
jectural and constructing them has been a difficult process. On the other hand, HMS
relates the complex geometry of M to the symplectic geometry of M (and vice versa) by
comparing the derived category of coherent sheaves D” Coh(M) to the derived Fukaya
category D*.F (M ) of the mirror. Though coherent sheaves are well understood objects,
the Fukaya category was not, and many parts of it are still poorly understood to this day.
The Fukaya category .% (M) has objects Lagrangian submanifolds of M and morphisms
between them given by their intersections. Either way, it was fast becoming necessary
to develop a deeper understanding of the Lagrangian structure of M, whether it was to
find special Lagrangian fibrations or to better understand the Fukaya category.

The other revolution was occurring in Riemannian geometry and geometric analy-
sis. The 1980s saw the introduction of two geometric flows, that is parabolic PDEs gov-
erning the evolution of some geometric structure. Hamilton introduced Ricci flow [20],
an intrinsic flow given by evolving the metric g of a manifold according to its Ricci cur-
vature Ricy. Huisken introduced mean curvature flow [24], an extrinsic flow given by
the gradient descent flow of the area functional; equivalently, submanifolds F : M — N
allowed to evolve according to their mean curvature H.

It had long been clear that analytic methods could prove to be tractable approaches
to some of the most difficult problems in modern geometry. For instance, Yau’s proof
[53] [54] of the Calabi conjecture reduces the problem of finding Calabi—Yau metrics
on a manifold M with ¢;(M) = 0 to solving a fully non-linear, elliptic PDE known
as a Monge—Ampere equation. Geometric flows first came to wider prominence with
Perelman’s proof [39] in 2003 of the Poincaré conjecture by Ricci flow, using a method
identified by Hamilton [21] a few years earlier. The idea was to decompose 3-manifolds
into canonical pieces by a process called Ricci flow with surgery. This presented great

technical difficulties in understanding the nature of singularities of the flow, and the
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paper was in many ways well ahead of its time. The subsequent decade saw many
attempts to further this work, both in the extension of Perelman’s ideas to 4-manifolds
and in the use of surgery in other geometric flows. Notably, in mean curvature flow,
Huisken and Sinistrari [26] were able to decompose closed 2-convex hypersurfaces into
canonical pieces using techniques similar to those used in Ricci flow.

Although seemingly quite disparate, these two revolutions are linked by the work
of Smoczyk [41] and a conjecture of Thomas—Yau [46]. Smoczyk showed that the La-
grangian condition is preserved under mean curvature flow in Kéhler—-Einstein man-
ifolds. Building on this, Thomas—Yau conjecture that under mean curvature flow,
an almost-calibrated Lagrangian in a Calabi—Yau converges to the unique special La-
grangian in its Hamiltonian isotopy class. It has since become clear that singularities
are in many cases inevitable in Lagrangian mean curvature flow, but adaptations of the
Thomas—Yau conjecture were presented by Joyce [27]. Following the premise of the
ideas of Thomas—Yau, Joyce focuses on the relationship between mirror symmetry, the
Fukaya category and Lagrangian mean curvature flow. Put simply, his main premise
is that by mirror symmetry, Lagrangian mean curvature flow should replicate on the

symplectic side the features on the complex side.

1.1.2 Lagrangian mean curvature flow in Fano manifolds

Though the original Thomas—Yau conjecture and most of Joyce’s paper focus on the
Calabi—Yau case, mirror symmetry has been shown to work for Fano manifolds in a
modified form and Joyce conjectures results in this setting in the final section of [27].
In this case, Thomas—Yau type-results require restriction to the class of monotone La-
grangians. From a symplectic point of view, monotone Lagrangians are natural to study
since they capture aspects of the global topology of symplectic manifolds. From the
point of view of Lagrangian mean curvature flow, monotone Lagrangians are arguably
even more interesting. They are defined by the property that the mean curvature is ex-
act, and hence they form a preserved class. Moreover, as we will show, they cannot
attain type I singularities under mean curvature flow, thereby ruling out a large class of
potential singularities.

The first Fano manifold of interest is the complex projective line or the 2-sphere
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CP' = $2. Here all curves are Lagrangian and monotone Lagrangians divide the sphere
in to equal area pieces. We understand Lagrangian mean curvature flow well in this
setting: monotone Lagrangians exist for all time under the flow and converge to geodesic
great circles in infinite time. This result mirrors that of the complex geometry of the
mirror manifold to CP': The mirror is a so-called Landau-Ginzburg model (C*,z+1/z),
and a technical but easily calculable result shows that there are only two interesting
objects in the relevant category of coherent sheaves, each corresponding to the two spin
structures on the equator.

A natural question is then to ask whether we can find similar results for higher
dimension Fano manifolds. For instance, the mirror of CP? is essentially no more com-
plicated in its complex geometry than CP'. However, the symplectic geometry of CIP?
is vastly more complicated.

Vianna ( [47], [48]) found an infinite family of exotic monotone tori in the com-
plex projective plane CP?. These tori are built inductively from a minimal monotone
Lagrangian known as the Clifford torus by a series of Lagrangian surgeries called muta-
tions. From a mean curvature flow point of view, these mutations resemble closely so-
called Lawlor neck singularities, such as those observed by Neves [33] and constructed
explicitly by Wood ( [51], [52]).

The natural question then to ask is whether Lagrangian mean curvature flow col-
lapses this family of exotic tori to the Clifford torus by a sequence of mean curvature
flow surgeries. It is this idea that is the main premise of this paper, in particular the

results of Chapter 4.

1.2 Summary of Results

We study mean curvature flow of Lagrangian tori in two different ambient manifolds: In
Chapter 3, we study Clifford tori in C2, and in Chapter 4 we study Clifford and Chekanov
tori in CP?. We prove contrasting results in each case, finding in each situations in which
type II singularities are inevitable and also situations where Clifford tori are stable.
Section 3 is joint work with Lotay and Schulze, from the paper [16]. For Lagrangian

mean curvature flow, type I singularities are not common. The work of Wang [49] shows
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that type I singularities do not occur for almost-calibrated Lagrangian mean curvature
flows. The main goal of the paper [16] is to show that even for monotone Lagrangians,
where type I singularities do exist, they are not the norm. We prove two results on the

Lagrangian mean curvature flow of the self-shrinking Clifford torus L¢; € C?:

Theorem 1.2.1. Let Le; C S3(2) C C? be a self-shrinking Clifford torus. Then the fol-
lowing hold:

1. Instability: There exists an arbitrarily C*-small Hamiltonian perturbation of L¢;

such that the flow does not flow back to the self-shrinking Clifford torus.

2. Stability: Any Hamiltonian deformation of Ly restricted to the 3-sphere S°(2)

forms a type I singularity at the origin with type I blow-up given by L.

We provide full definitions in the Chapters 2 and 3.

The first result extends earlier results of Groh—Schwarz—Smoczyk—Zehmisch [18]
and Neves [34], where it was shown that the Clifford torus is unstable under sufficiently
large Hamiltonian perturbations. Taken together, the two results answer a question of
Neves [35, Question 7.4] asking for conditions on Lagrangian tori in C? that guarantee
convergence to a self-shrinking Clifford torus after rescaling at the singularity.

We also prove that L¢j is locally unique as a self-shrinker for mean curvature flow
(not just as a Lagrangian). We omit this discussion of this result from this thesis as it
does not pertain to Lagrangian mean curvature flow.

In section 4, we study mean curvature flow in CP?. First of all, we show that type I
singularities do not occur for monotone Lagrangian in Kéhler—Einstein manifolds with

positive Einstein constant:

Theorem 1.2.2. Let F; : L — M?" be a monotone Lagrangian mean curvature flow in a
Kdihler—Einstein manifold M with Einstein constant Kk # 0. Then F; does not attain any

type I singularities.

This is the positive curvature equivalent of Wang’s result [49] on type I singularities

for almost-calibrated Lagrangian in Calabi—Yau manifolds.
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For the remaining results, we need two mild extensions of existing well-known
theorems. Since these results are independently useful, we state them here. First, we

extend a result which dates back to Harvey—Lawson in the Calabi—Yau case:

Theorem 1.2.3. Let Q be a holomorphic volume form on an open subset U C M of a

Kiihler—Einstein manifold. If L is a Lagrangian in U, then for any X € T,L we have
H(X)-Q=do(X) - Q—iVxQ,

where H is the mean curvature 1-form and 0 is the Lagrangian angle of L with respect
to Q.

Suppose now that M is an isometric toric manifold, that is to say there is an isomet-
ric Hamiltonian action of T" on M*". Away from the singular points of the action, the
level sets {Ly} are a Lagrangian fibration, and we can define Q such that 6(Ly) = 0
forall a. Then for any X =Y +JZ withY,Z € T,L we have

H(X) = dO(X) + Hy, ) (¥).

where Hy ) is the mean curvature I-form of the unique Lagrangian Lo passing through

P

Second, we extend a result of Cieliebak—Goldstein [11] to include discs with cor-
ners, in the same way that the Gauss—Bonnet thoerem can be extended to include discs
with corners. We use this result extensively in Chapter 4 to prove the main theorems.
Furthermore, since it relies only on topological properties, it seems likely that it will
be useful in many scenarios when considering Lagrangian mean curvature flow in Fano
manifolds.

Extending the Maslov class p of a disc D to a number fi accounting for turning

angles at corners, we prove that

Theorem 1.2.4. Let Ly,...,L,, be Lagrangian in a Kihler—Einstein manifold M and let

w:(D,(dDy,...,dDp)) — (M, (Ly,...,Ln)).
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Then

K/Da)—ﬂ(D):—Z Hy..

~ Jop;

See Chapter 2 for definitions of terms used and proofs of these two theorems.

The main results of Chapter 4 concern monotone Lagrangian tori in CP?. We re-
strict to a subclass of Lagrangian tori Ly which are generated from closed curves y € C
by a particular (Z, x S!) rotation; we call these tori equivariant. This is a slightly
stronger equivariance than has been considered previously in the literature, but since we
already observe interesting and new behaviour in this class, it seems like a reasonable

restriction. The main theorem of the chapter is the following:

Theorem 1.2.5. Let Ly be a monotone equivariant Lagrangian torus in CP?. Then under
Lagrangian mean curvature flow with surgery, Ly exists for all time with a finite number

of surgeries and converges to a minimal Clifford torus ast — oo.

We provide full definitions, including a precise definition of the equivariance and a
definition of Lagrangian mean curvature flow with surgery, in Chapter 4.

There are two Hamiltonian isotopy classes of tori that can be realised as equiv-
ariant curves, namely the Clifford torus and the Chekanov torus, given respectively by
curves Y containing and not containing the origin. The above result therefore implies
that Chekanov tori undergo at least one surgery to become Clifford tori. We note that
this implies that there is no equivariant minimal Chekanov torus, and we expect this to
apply more generally.

The above result might seem to imply that a Clifford torus does not have singulari-

ties under Lagrangian mean curvature flow. However, this is not the case:

Theorem 1.2.6. There exists a Clifford torus Ly in CP? such that under mean curvature
flow Ly has a finite-time singularity and surgery at the singularity makes Ly a Chekanov

torus.

Thus the behaviour we observe is of a cyclical nature: a Clifford torus can collapse
to become Chekanov torus, which then exists for some time after surgery before collaps-
ing to a Clifford torus again. This process can repeat any finite number of times before

eventually becoming a stable Clifford torus. We categorise this behaviour in the proof of



22 Chapter 1. Introduction

Theorem 1.2.5 by observing that a certain intersection number decreases under the flow

with surgery.

1.3 Notations and conventions

Except where explicitly notated otherwise, we use the following conventions throughout
this thesis.

We consider mean curvature flow of Lagrangians F; : L — M in (2n)-dimensional
Kéhler—Einstein manifolds M, with Einstein constant k. We will drop the subscript ¢
when the meaning is clear. We will frequently abuse notation by conflating a manifold
with its embedded image (writing for instance L, = L = F(L) = F;(L)), and conflate
vectors with pushforwards and forms with pullbacks, as is standard in the literature. We
extend these conventions to curves (s) € C.

By default, Lagrangians are assumed to be embedded, orientable, and all curves
Y(s) € C are assumed to be closed and simple. The main exceptions to the above are
cones/real projective planes/lines through the origin considered in Chapter 4, and the

minimal immersed Lagrangians considered in Section 4.6.



Chapter 2

Preliminaries

2.1 Lagrangians in Kahler-Einstein manifolds

Let M?" be a manifold of even dimension. We recall the following definitions:

Definition 2.1.1.

1. A Riemannian metric g is a positive-definite symmetric 2-tensor on M. (M, g) is

called a Riemannian manifold.

2. A symplectic form @ is a closed, non-degenerate 2-form on M. (M, ®) is called a

symplectic manifold.

3. An almost-complex structure J is a (1,1)-tensor on M satisfying J2 = —1. (M,J)

is called an almost-complex manifold.

4. A triple of structures (g,®,J) is called compatible if g(X,Y) = o(X,JY).
(M,g,,J) is called almost-Kahler.

5. In addition, if J is integrable, or equivalently VJ = 0 where V is the Levi—Civita

connection of g, (M, g, ,J) is called Kéhler.

6. In addition, if Ric, = kg for some constant k, (M,g,®,J) is called Kéhler—

Einstein with Einstein constant K.
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7. In addition, if ¥ = 0, we will call M a Calabi—Yau manifold, and if k¥ > 0 we will

call M a Fano manifold.!

In the entirety of this thesis, M is assumed to be Kéhler—Einstein with constant x.

The following two examples constitute the main focus of Chapters 3 and 4 respectively.

Example 2.1.2. Let
C'"={(zi=x1+iy1,....2n =X +iyn) 1 xj,y; € R}
with

g =dx}+dy} + - +dxl +dy?
O =dx; Ndy;+---+dx, Ndy,
J(0x;) =9y, J(dy;) = —0;

Then C" satisfies all the above definitions with k¥ = 0.
Example 2.1.3. Let CP" be complex projective space, i.e. the quotient of complex
n-space C" by the standard action of C*:

(20y--vy2n) ~ (Wzp 1 ++- 1 wzy), weCh.

Alternately, CP" is the quotient of the unit sphere $>+1(1) ¢ C"*! under the identifica-
tion

(205---12n) ~ (%20 -+ 1 %), € €S,
known as the Hopf fibration. The quotient induces a Riemannian metric on CP" from

the round metric on the sphere as a Riemannian submersion called the Fubini—Study

metric. Similarly, the quotient from C” induces a symplectic form (the Fubini—Study

INeither of these definitions is standard. For instance, in the Calabi—Yau case, various authors require
some combination of additional conditions such as compact, simply connected or with holonomy exactly
equal to SU(2). For Fano manifolds, a metric is typically not specified, instead requiring that the anti-
canonical bundle Kj; is ample. For the purposes of Lagrangian mean curvature flow, the definitions we
give make the most sense: A Riemannian metric is always specified by default and the most important
factor is the Ricci curvature of the ambient space.
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form) and an almost complex structure. Compatibility follows from compatibility of the

forms in Example 2.1.2. Indeed, CP" is Kéhler—Einstein with constant 2(n+ 1).

Definition 2.1.4. Let M>" be a symplectic manifold. Then a n-dimensional submanifold

F : L" — M*" is called Lagrangian if F*@ = 0.

As is standard in the literature, we will often abuse notation by conflating a man-
ifold L with its embedding/immersion F(L). We extend this abuse of notation in the

natural way to vectors/tensors and their pushforwards/pullbacks.

2.1.1 The Lagrangian angle and mean curvature

In this section, we describe how one can characterise the mean curvature of Lagrangian
submanifolds using aspects of their symplectic geometry. In the Calabi—Yau sense, ideas
in this vein date back to Harvey—Lawson [22] and [36]. The material is all standard,
but we emphasise the perspective that the usual calculations apply locally and can be
modified to account for non-Ricci-flat manifolds.

Consider the holomorphic volume form
Q=dzy N---Ndz,

on C". The space of Lagrangian subspaces .Z'(n) is isomorphic to U(n)/O(n), so any
Lagrangian subspace A may be written as A - span{xy,...,x,} for some unitary matrix

A, unique up to orthogonal transformations. Thus we have that
1QA| =|A]- Q(Jy,,...,0x,) =1

and hence

.Q.A = ei@ VOlA

for some 6. Now let Q be a non-vanishing holomorphic volume form on some open
subset U C M, i.e. a section of the canonical bundle Ky;. Then there exist complex
coordinates z1,...,z, on some subset V C U and a holomorphic function f on V such
that

Q= fdzi N---Ndzy,.
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Furthermore, by Darboux’s theorem, we can choose V small enough that V' is symplec-
tomorphic to C" with the standard structure, and hence we can conclude that the above

extends to any Lagrangian L in U, i.e. we have
Q.L = €i0 VOlL

for some function 6 : L — R/2m.

In the case that M is Calabi—Yau, one can find a global non-vanishing holomorphic
volume form €, so the above applies to any Lagrangian L in M. In this case, we call 0
the Lagrangian angle of L. For more general Kidhler manifolds with local holomorphic
volume forms, we call 6 the Lagrangian angle of L relative to . Furthermore, we call
Lagrangians L with 8 = 0 special Lagrangian (relative to Q).

We now investigate the mean curvature of Lagrangian submanifolds. Recall that a
Riemannian submanifold F : L — (M, g) of a Riemannian manifold has second funda-
mental form

A(X,Y) =VxY —VyY,

a symmetric 2-form with values in the normal bundle, where V is the Levi—Civita con-
nection of the ambient metric g, and V is Levi—Civita connection of the induced metric
F*g. Since

VxY —VyX = Vx¥ — VyX = [X,Y],

we immediately see that A(X,Y) = A(Y,X), i.e. A is symmetric and hence is tensorial.

The mean curvature is then defined to be the trace of the second fundamental form
H = traceA.

Note that both A and H lie in the normal bundle to L. Lagrangian submanifolds in
Kéhler manifolds have the property that J is an isometry between the tangent and normal

bundles of L. Thus we have isometries

NL=TLX=T"L.
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Furthermore, the form

is zero restricted to NL since L is Lagrangian and H is normal, hence it is appropriate to
consider H a 1-form on L, called the mean curvature 1-form. Furthermore, in the case
that M is Kihler—Einstein, H is closed (see for instance [43], though we prove stronger
results in various settings later in this thesis.) This raises the possibility that H could be
exact, and as the following proposition shows, this holds in a Calabi—Yau whenever the
Lagrangian angle is a function on L.

Since the details of the proof are important later, we present a proof here, following
the method found in Oh [38] or Thomas—Yau [46]. We stress that the proof relies on the

Calabi—Yau specific fact that Q is parallel.

Proposition 2.1.5. Let L be an oriented Lagrangian in a Calabi—Yau manifold M with

mean curvature I-form H. Then H = d0, where 0 is the Lagrangian angle.

Proof. Let {ey,...,e,} be an orthonormal basis for 7),L and extend to a local frame such
that {ey,...,ey,Jey,...,Je,} is a basis for TM near p. We may choose this basis such

that V,,e; vanishes for all i, j at p. In this basis, we have that

.Q.L = /\ (e;" + i(Jei)*) y

i

where e is the dual of e;, and hence
Q=e"9 N\ (e +i(Jer)")
i
Since VQ = 0 in Calabi—Yau manifolds, it follows that

0=VxQ

= —id0(X) -Q+e_i92(e’f +i(Jep)*) A /\Vx(e;f +i(Je;))*)N--- N (e, +i(Jen)").
j

Since any terms of ?X(ej. +i(Je;)*) which are not a scalar multiple of (e} +i(Je;)”)

vanish in the wedge product, we may rewrite the second term as
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Y (?x(e}f +i(Je;)") (%(ej — iJej)>> -Q

J

So it follows that

%ZJ: (VX ((e}k- +i(Je;)") (ej - iJej)> — (e;f + i(Jej)*)(ﬁx(ej —|—i]ej)))

ido(X) =
- L +itde)))(Vxle; + ;)
= ——Z JVXe] (Jej)*(vXej))

=—i) glej,JVxe;j),
J
where we have used the fact that (¢ +i(Je;)*) (5(ej —iJe;)) = 1 in the first two lines,
and have used the assumption that Ve ; vanishes at p on the fourth line. Thus it suffices

to show that

H(X) = Zg(ejangej) = Z(D(e,-,?xej).
J J
We calculate that

HX)=oX,H) =Y 0(X,Ve;) =Y 0(e;, Ve, X) =Y (e, Vxe)),
J J J
since ®(e;,X) = 0 and we may assume that (X, e;] vanishes. This completes the proof.

[]

Note that the above proof implies that for any holomorphic volume form € defining

a Lagrangian angle by Q; = ¢'® vol;, we have
HX) Q=do(X) - Q—iVxQ

for any X € T,,L. This demonstrates the first part of Theorem 1.2.3. For the second part,
we first construct a holomorphic volume form Q from a Lagrangian fibration.
Let {Ly } o7 be a Lagrangian torus fibration of a subset U € M. For each «, define

a holomorphic volume form €, , along Ly, i.e. a unit section of the canonical bundle



2.1. Lagrangians in Kihler—Einstein manifolds 29

KM‘La , by

QL(XI, ce ,Xn) = VO]L(Xl,. .. ,Xn),

QL(JXI,Xz,...,Xn) :iVOIL(Xl,...,Xn), etc.

for tangent vectors X; € T,L. Now let x € U. There is a unique o(x) € I such that

x € Ly (y), so we define a section of K|, by
Q(x)(Xl, N ,Xn) = QLa(x) (Xl, e ,Xn),

for X; € oM. We call Q a relative holomorphic volume form (to the fibration L).
In contrast to the Calabi—Yau case where Q was always parallel, the volume form
defined here is in general not parallel. In [30], the form €y is differentiated in tangent

and normal directions. For tangent vector fields X € I'(TL) we have
VxQp = iH (X)) Qg (2.1.1)

where Hj is the mean curvature 1-form on L. On the other hand, if JY = % |s—0 is the
normal vector field corresponding to a 1-parameter family A : L — M of Lagrangians

immersions then the normal derivative is
ViyQp = —idivp(Y)Qy. (2.1.2)

Now suppose the fibration {Ly} are the level sets of a moment map for an isomet-
ric Hamiltonian T"-action on U. Since the action is an isometry, any vector field X
generated by the subgroup exp(tX) of T" has %% vol,, = divy, (X) volr, = 0. Further-
more, since the action is Hamiltonian, JX is a normal vector field corresponding to a
1-parameter family of Lagrangian immersions. So we have shown the second part of

Theorem 1.2.3.
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2.2 Lagrangian mean curvature flow

The fact that H is closed seems to imply that the Lagrangian condition is preserved under

mean curvature flow since

implies

J . d o
Sro-sfofn)) o

This is clearly a necessary condition for the Lagrangian condition to be preserved, but is

not a priori sufficient. However, this premise can be integrated up to show:

Theorem 2.2.1 (Smoczyk [41]). In Kihler—Einstein manifolds, the Lagrangian condi-

tion is preserved for closed submanifolds under mean curvature flow.

We now present some of the basic facts of Lagrangian mean curvature flow, begin-
ning with evolution equations. The following calculation appears in Thomas—Yau [46],
but the results were known by Oh [38] and Smoczyk [42]. For any holomorphic volume

form Q defining a Lagrangian angle by Q; = €' vol;, we have

i%eeie voly, +ei9%volL :% (¢®vol) = L@ =d (V_Qu) = —id (¢°(JV)voly)

=040 A (JV_voly) —ie®d" (JV) vol,

Under mean curvature flow, i.e. V = H = JV0 one recovers from this the evolution

equations
d
5.0= d'de = A8
g (2.2.1)
3 vol, = —|H|*vol,
The mean curvature 1-form H satisfies the evolution equation
J il
—H =dd"'H+«H, (2.2.2)

ot

where K is the Einstein constant, i.e. p = kK®. It is clear then that the cohomology class

[He ¥] is preserved under the flow. In particular, H exact is preserved.
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We now highlight a few particular subclasses of Lagrangians in Calabi—Yau mani-

folds, each preserved under mean curvature flow. In order of inclusion:

1. Special Lagrangians: Lagrangian submanifolds with 6 = 0.

2. Minimal Lagrangians: Lagrangian submanifolds with H = 0. All special La-
grangians are minimal, and all minimal Lagrangians are special up to a choice of

phase.

3. Almost-calibrated Lagrangians: Lagrangian submanifolds where cos 0 > € > 0

everywhere, up to a choice of phase.

4. Zero-Maslov Lagrangians: Lagrangian submanifolds with 6 : L — R a real-

valued function (i.e. not circle valued).

The final subclass of interest is that of monotone Lagrangians. Recall that the
space of Lagrangian subspaces .#(n) in R?" is isomorphic to U(n)/O(n), and hence
det? induces an isomorphism from p : 7 (% (n)) — Z, called the Maslov index. The
Maslov class of a disc is defined to be the Maslov index of the boundary under any local
trivialisation. Then we have the following theorem of Cieliebak—Goldstein [11], which

18 fundamental to the rest of this thesis:

Theorem 2.2.2 (Cieliebak—Goldstein). In a Kdhler—Einstein manifold M with Einstein
constant K, the mean curvature 1-form H of a Lagrangian F : L — M is related to the
Maslov class p of a disc u: (D,0D) — (M,L) by >
K'/ o—nu(D)=—- | H. (2.2.3)
D

aD

We call a Lagrangian submanifold monotone if for any disc u : (D,dD) — (M, L),

/ ® = cu(D), (2.2.4)
D

ZHere and throughout the rest of this thesis, we abuse notation by conflating forms with their pullbacks
and curves in the image of a Lagrangian with their pre-image. For instance, in (2.2.3),

/a):/u*w, / H:/‘ H.
D D Jop JF-1(u(aD))
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for a constant ¢ dependent on M and L but not u. We call a disc u Maslov m if the
(1) = m. In the case of a monotone Lagrangian in an exact Calabi—Yau manifold (i.e.

® = dA), and in view of (2.2.3), we see that (2.2.4) is equivalent to

/A:/w:cu(p)zf H=S1[ ao,
oD D T JoD T JoD

hence in the literature for Lagrangian mean curvature flow where the Calabi—Yau case
(specifically C") is frequently the primary focus, the definition of monotone is often
taken as

A] = Cld6)].

Remark 2.2.3. The Cieliebak—Goldstein formula is a generalisation of the Gauss-
Bonnet formula. When M is a surface, @ is the Riemannian volume form on M, and

so M Einstein implies that

/DKvol(D) = K/Da),

where K is the Gauss curvature. Moreover, all curves are Lagrangian so

k.vol(dD) = H
/aD ¢vol(9D) oD

where k is the geodesic curvature. The Euler characteristic of a disc is 1, and the Maslov

class of a holomorphic disc in a symplectic surface is 1 by definition.

The above remark helps to motivate a mild generalisation of the Cieliebak—
Goldstein formula to include J-holomorphic polygons with boundary on multiple inter-
secting Lagrangians, comparable to generalising Gauss—Bonnet with a smooth boundary

to a piecewise-smooth boundary with corners and turning angles.

Theorem 2.2.4. Let Ly,...,L,, be Lagrangian in M and let
u:(D,(dDy,...,dDy)) = (M,(Ly,...,Ly))

denote a map from the unit disc with m marked points p; on the boundary to M, mapping
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pi to LiNL;_| and mapping the arc dD; from p; to p;y; to L;. Then

K/Da)—J'Eﬂ(D) = _Zi:/(aDiHL” (2.2.5)

where [i is the Maslov class of u: (D,(dDy,...,0Dyp)) — (M,(Ly,...,Ly)), defined in
the proof below.

Proof. We first redefine the Maslov class in a way more suited to proving the theorem.
Consider a Lagrangian subspace L of a complex vector space C". Let AOC" be the
space of (n,0)-forms on C”, i.e. the space of holomorphic volume forms. Since L is a
Lagrangian subspace, there is an element 7(L) in AOC of unit length which restricts
to give a real volume form on L. One observes this immediately for the Lagrangian
subspace Lo = span{xj,...,x,} with 7(Lg) = dzj A ---dz,, and since any Lagrangian
subspace L =A - Ly for some A € U(n), we have T(L) = A - t(Ly) where we let U(n) act
on holomorphic (n,0)-forms as det(A). The map A is unique up to the action of O(n),

so T(L) is unique up to sign. Thus we obtain a unique element
TZ(L) € KZ(cn) = A(nvo)(cn ®A(n,0)(cn

Now let L be a Lagrangian in a Kihler manifold M?". Treating the tangent space of L as

a Lagrangian subspace of C", as above we have a unit-length section
7 L— K*(M),

where K2(M) is the square of the canonical bundle K (M) = A0 T*M of M.
Letu: (D,dD) — (M,L) be a smooth map from the unit disc to M with boundary
in L. Since H*(D) =0, u*K (M) is trivial so there exists a unit-length section 7, of K(M)

over u(D). On the boundary, there exists an S'-valued function e/* : dD — S' such that
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We define the Maslov class as minus the winding number of e e,

—1
D)= —
u(D) 2n/aDd“

This definition agrees with the usual definition of Maslov class, as can be verified by
checking it satisfies the standard axiomatic description.

Now, suppose we have Lagrangians Li,...,L, in M. We have, as above, sections
*L'Ii,. For any u: (D,(dDy,...,0D,)) — (M,(Ly,...,Ly)), we obtain as above S'-valued
functions ¢!% : 9D; — S! with

2 _ o2
T, =e'T,.

We define the Maslov number fi(D) (here no longer integer-valued) by

—1
_n_;/aDidan

which we note is well-defined.

With the definitions out of the way, we can prove the theorem. For simplicity, we
prove for m = 1, i.e. the case where we have a Lagrangian L = L; with a single self-
intersection. This suffices for all the proofs later in the thesis, but the more general result
stated above follows a similar argument. We sketch the proof, a more detailed discussion
can be found in [11].

As in Cieliebak—Goldstein, we have that ’L',% defines an imaginary-valued connection
1-form g by V’L’f =NL® Tg. It is a classical result due to Oh [37] that n; = 2iH.

Similarly, for the section ‘C,f,

we have an imaginary-valued connection 1-form 7,
defined by fo =M, 1’3. We have that dn, = —2Rg, where Rk is the curvature of
K(M), which in the Kéhler—Einstein case implies that dn, = 2ip = 2ik®.

The connection 1-forms 7, and 1, are related by
nL="n,+ida,

SO

I 1
Y LY S —
/BD /a TI / 277+2 8Da KD(D ZA(D)
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O]

Let us now consider the implications of the Cieliebak—Goldstein formula for La-

grangian mean curvature flow. From (2.2.3) and the evolution equation (2.2.2) we obtain

i/oo:—l/ dd'H+xH=—| H
dt Jp K Jop oD

= K/aDa)—nu(D).

L is monotone when u (D) is proportional to [, @, so we note two immediate corol-

(2.2.6)

laries for k # 0.

Corollary 2.2.5. Let L be a Lagrangian in a Kdhler—Einstein manifold with x # 0. H is

exact if and only if L is monotone with monotone constant 7 /K.

Corollary 2.2.6. Monotone Lagrangians are preserved under mean curvature flow.

When k # 0, the monotone constant /K is invariant under the flow.

Proof. The result has been shown already for k¥ = 0. For x # 0, the result follows from

Corollary 2.2.5 and the fact that exactness of H is preserved by equation (2.2.2). 0

To illustrate the theory so far, we consider the best understood example of La-
grangian mean curvature flow in non-Ricci-flat manifolds.

Consider the two sphere $2 = CP! with the standard Kihler metric and let y be
an embedded closed curve in S2. Then there are, up to reparametrisation, exactly two

J-holomorphic discs uy,u : D — S with u;(dD) = y. We have that y is monotone when

/ui‘w:/uéw,
D D

where o is the standard Fubini-Study form on CP' = $2, i.e. when 7 divides S? into

two pieces of equal area. Then we have two behaviours:

Proposition 2.2.7.

1. If v is not monotone, y attains a type I singularity in finite time with blow-up a

self-shrinking circle.
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2. If v is monotone, mean curvature flow exists for all time and converges in infinite

time to a great circle.

Proof. Recall Grayson’s theorem [17]: curve-shortening flow in surfaces either attains
finite-time singularities with type I blow-up a shrinking circle, or exists for all times and

converges to a geodesic. This the result follows from (2.2.6) in both cases. U

2.3 Singularities in Lagrangian mean curvature flow

In mean curvature flow, singularities are studied and classified by analysing their be-
haviour at the singular time using a procedure called a blow-up. A solution F; : L - M

to the mean curvature flow equation

i

at t — )
always exists on some maximal time interval [0, T'), though to guarantee uniqueness one
has to make modifications to account for reparametrisations. If 7 < oo, then it can further

be shown that

limsupmax |A|?> = oo,
=T L

which Smoczyk [43] comments is a folklore result for higher codimension mean cur-
vature flow: the proof follows the same lines as the proof for codimension 1, where
the result can be achieved relatively simply by considering the evolution equations for

|V™A|?, and showing that bounds on |A|? imply bounds on |V”A|? for all m > 0. Bounds

on all derivative of |A|? imply smooth convergence to a limiting immersion Fr : L — M
and hence short-time existence implies 7 is not the maximal time.

Singular behaviour is common in mean curvature flow. For instance, any compact
initial condition Fp : L — R" achieves a singularity at a finite time 7. Singularities are

classified into two types based on the rate of blow-up of |A|?. If

sup|AI> < C(T —1)~ !,
Ly

for some constant C, we call the singularity type I, and if no such bound exists, we call it
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type II. The primary reason for this distinction is the following: for A > 0, ¥ = A (x—xy),
f= lz(l‘ — l‘()),

Ff)L =2 (FzOM—Zf_XO)

is a mean curvature flow, called a parabolic rescaling. Using Huisken’s monotonicity
formula, one can show that any sequence of parabolic rescalings Ff’l" with A; — oo at
a type I singularity (xo,%p) = (x,T) of the flow converges subsequentially to a smooth

limiting flow F;*, called a type I blow-up (possibly not unique), with the property that

X+

H= 5
Solitons of mean curvature flow of this type are called self-shrinkers since they flow
by homotheties. If the singularity is instead type II, one still can find a weak limit
to parabolic rescalings, though now the limiting flow is a Brakke flow [6]: a flow of
rectifiable varifolds rather than smooth manifolds. We also call this limit a type I blow-
up, even though the singularity is type II.

Consider embedded hypersurface mean curvature flow. In this case, type I singu-
larities are conjecturally generic. The simplest case is curve shortening flow in the plane
(i.e. the case of curves 7 : S' — R?). Here, all curves attain type I singularities with type
I blow-up a self-shrinking circle in finite time. This kind of regularity does not exist in
higher dimensions, even though we still expect type I singularities to be the norm. Type
IT singularities do exist, but tend to occur as degenerate cases. The prototypical example
of this behaviour is for a dumbbell in R3, i.e. a smoothing of a connect sum of two
spheres S1,S5, with radii r; < r; by a cylindrical neck of radius s. Here, three behaviours
may be observed. Firstly, if the neck is narrow enough, the neck shrinks to form a type I
singularity with type I blow-up given by a self-shrinking cylinder. Secondly, if s is large
enough compared to ry, the sphere may shrink before the neck collapses and prevent a
cylindrical singularity forming, before eventually collapsing to a self-shrinking sphere.
The third option is the degenerate case when r| < r,. If r; is chosen carefully with re-
spect to s, one can obtain a behaviour where S; shrinks at precisely the same time that

the neck shrinks, leading to a type II singularity.



38 Chapter 2. Preliminaries

This behaviour is to be expected according to the work of Huisken—Sinestrari [26].
They show that 2-convex hypersurfaces in R", n > 4 attain singularities of the three
types above, and go further in providing surgery procedures for each of the three cases.
In this way, they can decompose 2-convex hypersurfaces into constituent parts by mean
curvature flow with surgery.

In contrast to the hypersurface case, type I singularities are rare in Lagrangian mean
curvature flow, and type II singularities are commonplace. In certain situations, there
are no type I singularities: Wang [49] showed that there are no type I singularities for
almost-calibrated Lagrangian mean curvature flow. We show in Chapter 4 that there
are no type I singularities for monotone Lagrangians in Kdhler—Einstein manifolds with
K # 0. Hence it becomes important to understand type II singularities in Lagrangian
mean curvature flow.

Here the state of the art are the compactness results of Neves, originally established
for zero-Maslov Lagrangians in [33] but later extended to monotone Lagrangians in [34].
We present them in the latter form since it is more applicable to the subject matter of
this thesis. Compact monotone Lagrangians in C" have a maximal existence time strictly
controlled by the monotone constant. One can always normalise by homotheties of the
ambient space so that this maximal time of existence is 1/2. Neves’ theorems concern

singularities happening before this time.

Theorem 2.3.1 (Neves’ Theorem A). Let L be a normalised monotone Lagrangian in
C" developing a singularity at T < 1/2. For any sequence of rescaled flows L{ at the
singularity with Lagrangian angles Osj, there exists a finite set of angles {0y,...,0y}
and special Lagrangian cones Ly, ...,Ly such that after passing to a subsequence we
have that for any smooth test function ¢ with compact support, every f € C*(S') and

s <0
N
lim | f(exp(i6]))9 dA#" = Y mif(exp(i6i))c(9),

JeJL k=1
where W and my, are the Radon measure of the support of Ly and its multiplicity respec-
tively.

Furthermore the set of angles is independent of the sequence of rescalings.
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Theorem B applies for monotone Lagrangians in C2.

Theorem 2.3.2 (Neves’ Theorem B). Let L be a normalised monotone Lagrangian in
C? developing a singularity at T < 1/2. For any sequence of rescaled flows L{ at the sin-
gularity with Lagrangian angles st , and for any sequence of connected components ¥;
of L N B4r(0) intersecting Bg(0), there exists a unique angle 8 and special Lagrangian
cone X such that after passing to a subsequence we have that for any smooth test function

¢ on Byr(0) with compact support, every f € C*(S') and s < 0

lim | f(exp(i6])p d.#" = mf(exp(if))u(9),

J—reo Ej

where W and m are the Radon measure of the support of X. and its multiplicity respec-

tively.

Heuristically, these theorems give the type I blow-up models of type II singularities
of Lagrangian mean curvature flow as (unions of) special Lagrangian cones. Consider
the n = 2 case: by considering the hyper-Kihler rotation, one sees that the only special
Lagrangian cones are unions of special Lagrangian planes with equal Lagrangian angle.
Assuming all planes are multiplicity 1, there is then only one blow-up model up to
rotation, a union of two transversely intersecting special Lagrangian planes with the
same Lagrangian angle.

We can further characterise singular behaviour by a procedure called the type 11
blow-up. The precise details of this procedure are not important to this thesis, but we
sketch the general principle. We refer the reader to Mantegazza [31] for additional de-
tails. Instead of blowing up at a parabolic rate and at a fixed point in time and space,
we blow up at a sequence of space-time points (x;,#;) maximising the second fundamen-
tal form |A| on the interval [0,7 — 1/i], at a rate dictated by the second fundamental
form |A|. Thus we guarantee convergence locally smoothly to an eternal mean curvature
flow, i.e. a mean curvature flow existing for all times ¢ € (—o0,00) (as opposed to the
self-shrinkers found by the type I procedure, which are ancient but not eternal).

Note that the type II blow-up is not unique and doesn’t have to satisfy the same

asymptotics as the type I blow-up. There are few results on type II blow-ups for La-
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grangian mean curvature flow so far, but the most important appears in the work of
Wood [51], where he shows that almost-calibrated Lagrangian cylinders with prescribed
asymptotic behaviour achieve type 1l singularities in finite time, and the type II blow-up
is given by a special Lagrangian called a Lawlor neck asymptotic to the type I blow-up.

Lawlor necks are best described as the hyperKéhler rotation of the complex curves
{zw=c#0} C C?. Itis a fundamental question whether these are the generic singularity
model for Lagrangian mean curvature flow.

We note one final property of singularities of mean curvature flow. In general,
geometric flows may have infinite-time singularities; indeed, this occurs in Ricci flow
and in Yang—Mills flow, amongst others. In mean curvature flow however, one can rule
out infinite-time singularities in certain cases. For simplicity, we state the following
result of Chen—He [10] as we need it in this paper, though it applies in a far wider

generality.

Proposition 2.3.3. Let L be a Lagrangian mean curvature flow of a compact Lagrangian
in a compact Kéahler—Einstein manifold M with K > 0. Then L either attains a finite-time
singularity or has uniformly bounded |A|2 for all time and converges subsequentially to

a minimal submanifold in M in infinite time.
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Lagrangian mean curvature flow of the

Clifford torus in C2

3.1 The self-shrinking Clifford torus

We define the self-shrinking Clifford torus Ly in two equivalent ways. Firstly, as a

product torus,
Loy = {v2(e®,e®) : 6,6, e R} C $3(2) ¢ C2.
Secondly, as an S'-equivariant Lagrangian,
Lo = {2ei¢ (cosa,sina) : ¢, 00 € R} c $}(2)cc
These two descriptions are equivalent: to see this, first apply the unitary transformation

1 1 1

V2\ -
and then apply the change of coordinates

0,16 0, -6
:1+2anda ! 2.

> > (3.1.1)

¢
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The choice of scaling here is necessary to ensure that L¢y satisfies the self-shrinker equa-
tion

H=-X/2, (3.1.2)

(here, X denotes the projection of the position vector onto the normal bundle.) Let

X:(601,60,) — \/E(eiel,eiez). Then
X*Q = 2610110249, A d6,.

where Q = dz; Adz; is the standard holomorphic volume form on C2. The volume form
on L is

voly, =2d6) Nd6s, (3.1.3)

hence the Lagrangian angle is

0=0,+6,+m.

From this, it is clear that
H=JVO = —\/E(eiel ,ei92> ,

which verifies that L¢y is a self-shrinker. Satisfying (3.1.2) implies that the Clifford torus
attains a finite-time singularity at the origin, with type I blow-up given by L.
There are two classes of J-holomorphic discs with Maslov index 2 with boundary

on Ly, each occurring in an S'-family. They are

ul :zv2(z,€V)

uy 1z V2 (e“”,z) ,

We denote the former class by a;; € Hy(C?, L¢y), and the latter class by o € Hy(C?, Ly).
In the equivariant description, the profile curve y(s) = 2¢ bounds a Maslov 4 disc in
the class o 4+ . It is immediately clear from observation that the Clifford torus is

monotone.
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3.2 Instability of the Clifford torus

In this section, we discuss the first part of Theorem 1.2.1, namely the following result:

Theorem 3.2.1. Let Le; C S3(2) C C? be a self-shrinking Clifford torus. Then there
exists a C*-small Hamiltonian perturbation of L¢; such that the flow achieves a type 11

singularity.

As commented above, this result was already known ( [18], [34]) for large Hamil-
tonian perturbations.

We review the method used in [16]. We find by delicate but direct calculation
that the F-functional takes a local maximum at the self-shrinking Clifford torus Lc
with respect to a particular Hamiltonian variation. We then upgrade this result to an
entropy calculation, showing that Ly is entropy-unstable and hence any perturbation in
this direction cannot converge to a Clifford torus after rescaling.

Consider the equivariant description, where Ly is given as an S!-bundle over a
profile curve y(s) € C. Itis clear from this description that any Hamiltonian perturbation
¥ of yin C lifts to give a Hamiltonian perturbation of Ly as a torus in C2. This follows
since any Hamiltonian perturbation of y preserves the area of the disc class o + o
interior to Y, and only disturbs the Maslov O class o — op. Thus the monotonicity is
preserved with the same constant.

Thus we consider the Hamiltonian perturbation generated by the one-parameter

subgroup A of SL(2,RR) given by

Explicitly, the perturbation is then
Ly, ={2(e’cos¢ +ie *sing)(cosa,sincx) : ¢, € R},
or in terms of the product torus

La, = {V2(coshse'® + sinhse ™% sinhse % 4 coshse®) : 6),6, € R}.
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We emphasise that both circles in the product torus (corresponding to the disc classes
a1, ) do not change size under this perturbation. Instead, the perturbation is a squash-
ing in a Maslov 0 direction.

We show that L4, does not converge to the self-shrinking Clifford torus under
rescaled mean curvature flow. We first recall the definitions and basic properties of
the F-functional and the entropy A. We follow [12].

For a compact immersion X : L — C?, we define the F-functional

1 X —xp|?
F<X7x07t0) = HI‘O\/LeXP <_%> vol,

and the entropy as

AX)=  sup  F(X,xo,l0)
(XO,tO)ECZXR+

The entropy has the following properties:

Lemma 3.2.2.

(a) The entropy is invariant under translations, dilations and rotations.

(b) The entropy is non-increasing under mean curvature flow and rescaled mean cur-

vature flow.

(c) The critical points of the entropy are (after potential translation and dilation) self-

shrinkers.

Here rescaled mean curvature flow is the standard parabolic rescaling about any
space-time point.

For a self-shrinker X, we have that
AX)=F(X,0,1).

It is therefore straightforward to compute the entropy of the Clifford torus.
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Lemma 3.2.3. For the Clifford torus X : L — C?, we have

A(X) = 27”:2.311...

Proof. We compute

1 1 1 2m 2m 47> 21;
Z,X:—/ (——xz) 1:—/ 2e1d6doy = - ="
X) =37 [ o\ —gXFvole= 1 Jy 2 a0l = ==
where we used |X|?> = 4 and (3.1.3). O

We now proceed by estimating the value of the F-functional along the variation Aj
described above. The calculations in this section can be found in greater detail in [16],

though significant portions of them were performed in Mathematica.

Proposition 3.2.4. For s near 0, we have that
Ar ¢ ]
e

Hence F(X(s),0,1) has a strict local maximum at s = 0.

Proof. Recall that
X(s) = v2(coshse’® + sinhse % sinhse ™% + coshse'®). (3.2.1)
It follows by direct calculation that

1 2n 2@
F(X(s),O,l)zz—ne/O /O 1(s)d6, d6s,

where

I(S) — \/COShZ 25— Sil’lhz 25C082(91 + 92)61—COShZS—SinhZSCOS(Bl+92)'

We notice that I(s) is a real analytic function of s. Therefore, we seek a power series

expansion about s = 0. We have that /(0) = 1, which verifies Lemma 3.2.3. Further



46 Chapter 3. Lagrangian mean curvature flow of the Clifford torus in C?

calculation reveals that the integral of the k-th derivative () (0) is equal to O for k < 5,

and that »
2r 2m J(6 (0) 8
d0,d6, = ——7*.
/0 /o 6r 1T T
The integral of 1(7)(0) is also 0, so the result follows. O

We now consider the value of the F-functional for Ly, for space-time centres near

0,1).

Proposition 3.2.5. Let X(s) denote the position of La, as in (3.2.1). Then there exists

so > 0 and ry > 0 such that whenever (xo, 1) lies in the set
S={(x0,t0) € C* xRT : |xo> + 2|t — 1> < 13},
and |s| < so we have
27 ¢

n
F(X(s),x0,10) < F(X(0),0,1) — @(!xo\2+2\t0— 12) - s

Proof. The proof is similar to that of Proposition 3.2.4. This time, we have

1 2n 21
F(X(S)7x07t0) = 2_756/() A I(S7x07t0>d91 d925

for xp € C% and to € R, where

1X () x|

1 _
I(s,x0,t0) = t—\/cosh2 25 — sinh? 2scos2(0; + 92)e1 4o
0
Pick any (£,7) € C? x R with |§|?> +2|t|? = 1, and define

2r r2m
F(rs) = / / 1(s,rE, 1+ r7)d6, d6y.
0 0

Performing a Taylor expansion using (3.2.1) (and with the help of Mathematica) around

(r,s) = (0,0) yields

Flrs) = £(0,0) — 72 — gn2s6 +0(2s) +0() + 0(s7).
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We can thus choose rg,so > 0 sufficiently small such that for |r| < rg and |s| < 5o we

have
1 22 4 26
f(r,s) < f(0,0) — =m“r° — —m=s".
2 9
Since this estimate is uniform in (&, 7), this yields the desired statement. ]

We can now combine Propositions 3.2.4 and 3.2.5 to give our first key result.

Theorem 3.2.6. For s near 0 we have that

27
— —86.

AX(s)) < A(X(0) — 5

Hence, the entropy A(X (s)) has a local maximum at s = 0.

Proof. Recall that Huisken’s monotonicity formula [25] implies that for a compact self-
shrinker L, the entropy A (L) is uniquely attained at (0, 1): Since the flow is self-similar,
we have that

A(L) = F(L,0,1).

Now assume that there is a point (xg,%p) # (0,1) such that A(L) = F(L,xo,f). The
monotonicity formula then implies that L is also a self-shrinker with respect to the point
(x0,70 — 1). So 1y = 1. Furthermore, the monotonicity formula implies that the entropy is
attained on any point along the line containing xy and 0, and thus L is a product L x R.
This contradicts the compactness of L, so the entropy is attained uniquely at (0, 1).

To apply Proposition 3.2.5, it remains to show that the entropy of X(s) is attained
in the set S for sufficiently small |s| < so. We can choose sq such that X () has arbitrarily
small C'-norm as an exponential graph over X (0).

Now consider L' given as an exponential normal graph of U € C*(NL). We choose
& > 0 and assume

HUHcl <e<g. (3.2.2)

Note that this implies that for &y = &y(L) > 0 sufficiently small, given any 19 > 0, there
exists a & = 8 (L,np) > 0 such that

F(LI,X(),Z‘()) <14+ (3.2.3)
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for all xg € C2, 0 <ty < &. We can choose 19 = %(/'L(L) —1) >0 (as L is not a plane).
Since the entropy of L is uniquely attained at (0, 1), given any r > 0, there exists 0 <
N < No such that

F(L,xo,t0) < A(L)—3n

for all |xo| > r and (to — 1)> > r. Using (3.2.3) we see that we can thus choose & suffi-

ciently small in (3.2.2) such that
F(L xo,t0) < A(L)—2n
for all |xo| > r and (g — 1)*> > r and
F(L',0,1) > A(L)—n.
We deduce that the entropy of L' is attained in the set
{(x0,t0) € C* xR : |xo| <1, (tg—1)* < r}.

Applying this to our set-up, we see that for s small, the entropy A (X (s)) is only attained
at (possibly non-unique) points (x;, ;) with the property (xs,%) — (0,1) as s — 0. The

claimed result then follows directly from Proposition 3.2.5. Ol

Theorem 3.2.7. For any s > 0, the torus X(s) does not converge to the self-shrinking

Clifford torus after rescaling.

Proof. Note the symmetry of X (s) implies there is only one possible self-shrinking Clif-
ford torus to converge to after rescaling, namely X (0). Entropy is non-increasing under
(rescaled) mean curvature flow and the entropy A (X (s)) is strictly less than A (X (0)) for

any s > 0, so we see X (s) cannot converge to X (0) after rescaling. O

3.3 Stability of the Clifford torus

In contrast to the previous section, we find the following:
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Theorem 3.3.1. Any Hamiltonian deformation of L¢; restricted to the 3-sphere S3(2)

forms a type I singularity at the origin with type I blow-up given by L.

We call Lagrangians in C" lying in the (2n — 1)-sphere of radius r spherical.
The proof relies on a result relating Lagrangian mean curvature flow of spherical
Lagrangian tori to Lagrangian mean curvature flow of Lagrangian tori in complex pro-

jective space. The result was first explored by Castro-Lerma—-Miquel [9].

Proposition 3.3.2. Let n > 1. A spherical Lagrangian torus L =T" C C" is normalised
monotone if and only if L/S' = T"~' is a monotone Lagrangian torus in CP"!, where

the quotient is the Hopf fibration S*'~1 /S! = cp1,

Proof. Suppose L is spherical Lagrangian. Then the normal vector field N to $>"~! ¢ C”
is normal to L at every point, so JN is tangent to L. The integral curves of JN are Hopf
circles by definition, so L is foliated by Hopf circles. Hence the quotient L/S! is well-
defined.
The Hopf fibration f : $2"~! — CP"~! induces an isomorphism between the relative
homology groups
frH (S L) = H(CP ! L/s)

for all k. Furthermore, for n > 1, the long exact sequence of relative homology groups
for the inclusions L C §?"~! ¢ C" gives an isomorphism between H,(S*"~!,L) and
H(C",L). So any relative disc class on L in C" can be represented by a disc class
in $21.

The Fubini-Study form @gps-1 on CP"! is induced from the standard symplectic
form @ on C" by the Hopf fibration, so up to choosing the correct scaling on $>*~!, f

preserves the monotone constant. [

Lemma 3.3.3. The condition that a Lagrangian is spherical is preserved under mean

curvature flow. If Fo(L) has radius Ry = |Fy(L)|, then F,(L) has radius R, = |F,(L)| =

\/Rg—Znt.

Proof. Recall that for mean curvature flow of k-dimensional submanifolds of R™,

spheres of radius R(t) = v/ R? — 2kt are barriers on the inside and outside. We claim
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this implies spherical Lagrangians with initial radius Ry remain spherical with radius
\/R(z) —2nt. Indeed, suppose this is not the case. Then we can find some time ¢’ > 0,
€ # 0 and point p € L such that the radius at (p,#’) is \/Rg —2nt’ 4+ €. Without loss of

generality, assume € > 0. Then the sphere of radius R(¢) = \/ R3+ €2 /4 — 2nt does not
intersect F; (L) for all time, yet at# =1', R(t') < \/R3 —2nt' + €, a contradiction. O

Let Fp : L — C" be a spherical Lagrangian with radius Ry. Then F;(L) is spherical

for all time by Lemma 3.3.3. Thus we can write F; (L) = Rgiszt(L) for embeddings
Fi: L — $*"~1(1) of L into the unit sphere. Define G, (L/S') = f(F(L)) for some
function 7(¢) to be determined.

We claim that we can choose 7(¢) such that the flow G is a mean curvature flow in

CP"!. Asin [9], we observe the following:
1. The mean curvature vector H of F, (L) C C"isrelated to the mean curvature vector

H of F;(L) c $"~'(1) by

1 ~ 2

\/R%—ZntH_ «/R(%—Znt

2. Since f is a Riemannian submersion, the mean curvature vector H of £ (L) C

$27=1(1) is related to the mean curvature vector H of f(F (L)) c CP* ! by A =

H=

.

H* where H* is the horizontal lift of H under f.

1 RZ —2nt
T(l') = Elog <OT)
0

implies that G; : L/S' — CP"~! is a mean curvature flow.

Therefore, choosing

We summarise the above as follows:

Proposition 3.3.4. Mean curvature flow of spherical monotone Lagrangians in C" in-
duces a mean curvature flow of Lagrangians in CP"~! by the Hopf fibration, and the
converse also holds.

Suppose we have a spherical Lagrangian Fy : L — C" with radius Ry as the ini-
tial condition. Then singularities of F;,(L) before time R(z) /2n correspond to finite-time

singularities of G¢(L/S").
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If G:(L/S") converges as varifolds to a minimal Lagrangian in CP"~ in infinite
time, then F,(L) converges as varifolds to a Lagrangian submanifold of C", minimal as
a submanifold of S*"~! (1). Furthermore, the rescaling F; is equivalent to the standard

parabolic rescaling, so the same holds for the parabolic rescaling.

Returning to the case of Clifford tori in C?, we see that Theorem 3.3.1 follows

directly from Proposition 3.3.4 and the Proposition 2.2.7.






Chapter 4

Lagrangian mean curvature flow in the

complex projective plane

4.1 Lagrangian mean curvature flow in Fano manifolds

We now switch attention to Lagrangian mean curvature flow in Kéhler—Einstein mani-
folds with positive Einstein constant k > 0. We call these Fano manifolds (though we
remark that this definition of Fano manifolds is somewhat non-standard in the literature),
and the fundamental example is complex projective space CP" with the Fubini-Study
metric which has k =2(n+1).

Recall Proposition 2.2.7 on curve-shortening flow on the sphere. We saw that
monotone curves did not attain type I singularities: heuristically, any type I singular-
ity would require the collapsing of one of the disc classes, which is prohibited by the
monotone condition. We now generalise this to higher dimensions. First, we can clas-
sify all zero-Maslov self-shrinkers that may arise as a type I blow-up by a result of

Groh—-Schwarz—Smoczyk—Zehmisch [18]:

Theorem 4.1.1. If F : L — C" is a zero-Maslov Lagrangian self-shrinker arising as a

result of a type I blow-up, then L is a minimal Lagrangian cone.

This follows directly from [18, Theorem 1.9], noting that type I blow-ups have
bounded area ratios.
Since type I blow-ups are smooth, embedded self-shrinkers for type I singularities,

this implies there are no zero-Maslov type I blow-ups for type I singularities. Since
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any type I model is locally symplectomorphic to the standard unit ball, this excludes the

possibility of type I singularities for monotone Lagrangians:

Theorem 4.1.2. Let F, : L" — M?*" be a monotone Lagrangian mean curvature flow,

K #£ 0. Then F; does not attain any type I singularities.

Proof. Suppose for a contradiction that F; attains a type I singularity at time 7. Any
sequence 1); — oo subsequentially defines a type I blow-up
Fy = l.h_g}oEvm = llgg niFT+n,fzs'

Since the singularity is type I, (L) := F_{(L) is a non-planar embedded Lagrangian
self-shrinker, and hence by Theorem 4.1.1 has non-zero Maslov class.

Let D € Hy(C",F (L)) have u(D) > 0. The convergence of Fy to a type I blow-up
is smooth and the Maslov class is topological, so for all sufficiently large i, there exists
D; € Hy(C",F™) with u(D;) = u(D) > 0 and D; — D as i — oo. Furthermore, D' are the

images under the parabolic rescaling of discs D; = n;IDi € m(W,F, (L)). Since L

7ni72
is monotone and the Maslov class is invariant under rescaling,

T - T -
w=— D,‘ =—u(D)>0
I o= Cu(b) = (D)
for all i, but
lim | ® = lim o =0,
i—oo Jp; i—o0 nlilﬁi
a contradiction. ]

This theorem is the positive curvature equivalent of the result of Wang [49] show-
ing that almost-calibrated Lagrangians do not attain type I singularities in Calabi—Yau
manifolds. This strengthens the perspective that monotone submanifolds are the correct
class of submanifolds to study to find positive curvature analogues of the Thomas—Yau
conjecture. The rest of the thesis will be devoted to exploring what a Thomas—Yau

conjecture looks like in the prototypical Fano surface CP?.
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4.2 Lagrangian tori in CP?

We study Lagrangian mean curvature flow of tori in CIP? with the Fubini—Study met-
ric. Recall that as in Example 2.1.3, this is a Ké@hler—Einstein manifold with Einstein
constant kK = 6. The Kéhler form induced by the Hopf fibration is unique up to symplec-
tomorphisms.

The Clifford torus
Lay={[x:y:2:|x[=|y|=|z| = 1} C CP?

is a Lagrangian submanifold. It is minimal and monotone. The relative homology class

Hz((CIPZ,LC1) is generated by 3 Maslov 2 J-holomorphic discs:

up:w wil:l]
up:w[1:w:l]

up:w [1:1:w].

where w € D, the unit disc.

A natural question to ask is whether the Clifford torus is the unique monotone
Lagrangian torus in CIP? up to Hamiltonian isotopy. The answer is definitively no.

Chekanov—Schlenk [40] prove the existence of a monotone torus called the
Chekanov torus Lcy, which is Lagrangian-isotopic to Lcj but not Hamiltonian-isotopic.
Until more recently, the question of whether there were other monotone tori was open,
but in a pair of papers Vianna ( [47], [48]) showed the existence of a countably infinite
family of exotic monotone Lagrangian tori, with no two Hamiltonian isotopic. We re-
view Vianna’s construction, which relies on the machinery of almost-toric manifolds, in

the sequel.

4.2.1 Almost-toric manifolds
Definition 4.2.1. Let (M>", ®) be a compact symplectic manifold, and let G act on M
by an effective Lie group action. The action is called Hamiltonian if the vector field X

generated by an element § of the Lie algebra g is given by the symplectic gradient X e
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of a smooth function fz on M. !

A moment map for a Hamiltonian action is a map u : M — g* defined by

nx)(S) = fe

In the case that G = T", M is called a toric manifold, and the projection u : M — R"

is called a foric fibration, since the pre-image of each point is a 7"*-torus with 0 <m < n.

The following theorem is fundamental to toric geometry. The first result is due to

Atiyah [3] and Guillemin—Sternberg [19], and the second due to Delzant [13].

Theorem 4.2.2.

1. Let M be a compact toric manifold. Then the image (M) of U is a convex poly-

tope in R".

2. The image of the moment map determines M, the symplectic structure and the

action.

Note that @ vanishes on the fibre above any point p of a toric fibration, and hence
the fibre is Lagrangian when it is n-dimensional.

By way of example, and also since it is the object of study for the rest of the thesis,
we consider the case of CP? in more detail. Let [x : ¥ : z] be homogeneous coordinates

on CP? and consider the moment map

1

cy - _ 2 2

The image p(CP?) is a triangular polytope with vertices at (0,0), (1,0) and (0,1). The
fibre above any interior point of the triangle is a Lagrangian torus. Of particular note is
the fibre above the barycentre (1/3,1/3), which is a monotone, minimal Clifford torus.

The fibration is singular at the edges and vertices; the fibre over an edge point is a
circle, and the fibre over a vertex is a single point. The pre-image of each edge of the

polytope are holomorphic spheres in CIP? (the “lines at infinity™).

IRecall that the symplectic gradient of £ is defined to be the vector field Xy satistfying o(Xy,-) = df,
although here sign convention differs amongst authors.
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Symington-Leung [29] define an extension of toric manifolds to include a wider
range of singular points. Restricting our attention to 4-manifolds for clarity, let f :
M* — B? be a fibration of a symplectic manifold. Then M is called almost-toric if for
any point p in M there exists a Darboux neighbourhood U of p with local coordinates
(zj) = (xj+iy;) on U, @ = dx Ady, such that in those coordinates f|y is given by 1 of

4 possibilities:

( (x1,x2) regular point
o ) (x1,X3 +¥3) elliptic, cylindrical singularity
fu(z1,22) = 4.2.2)
(X% + y%,xg + y%) elliptic, toric singularity
| (x1y1 +x2y2,%1y2 —y1x2)  nodal singularity
Remark 4.2.3.

1. The first two singularity models occur in toric fibrations, at the edges and vertices

of the base.

2. The above definition is motivated by a result from Eliasson [14], extending work
of Williamson [50], which shows that these are precisely the singularities that

occur in integrable Hamiltonian systems.

Symmington—-Leung [29] consider one additional type of singularity which ap-
pears in integrable Hamiltonian systems, called hyperbolic singularities. We ig-
nore these singularities for a few reasons. Firstly, they impose a different struc-
ture on the base to nodal and elliptic singularities, causing the base to become
non-smoothable. Secondly, they do not seem likely as a singularity model for

Lagrangian mean curvature flow in reasonable situations.

3. The 3 singularity models in (4.2.2) are all found in Lagrangian mean curvature
flow. The first two are the self-shrinking Lagrangian cylinder and Clifford torus
respectively, and the last is the Lawlor neck singularity observed by Neves [33]

and constructed explicitly by Wood [51].

4. One of the key features of this definition is that the moment map has been forgot-



58  Chapter 4. Lagrangian mean curvature flow in the complex projective plane

ten, leaving instead the purely topological consideration of the Lagrangian fibra-

tion.

4.2.2 Vianna’s exotic tori in CP?

Vianna constructs in [48] an infinite family .% of monotone Lagrangian tori in CP?, with
no two tori Hamiltonian isotopic. We present some details of this construction here as it
forms the main motivating example for the rest of the thesis.

The first member of the family .7 is the Clifford torus

La={k:y:g: k[ ==z =1},

which is realised as the barycentric fibre in the toric fibration given by tt in (4.2.1). From
here, Vianna constructs the next member of .% by a topological procedure known as a

mutation:

1. Introduce a nodal fibre at one of the corners by a nodal trade. The corner of the
base diagram is now a circle and the fibre above the cross is a Lagrangian torus
pinched to create a nodal singularity. The barycentric fibre is still a Clifford torus,

and the metric is still the Fubini—Study metric.

2. Rescale a neighbourhood of the line at oo (i.e. the CP' given by {[x:y:0]: x,y €
C}) until the barycentre has passed over the nodal fibre. The barycentre is now a

Chekanov torus and the metric is no longer the Fubini—Study metric.

3. Isotope the metric back to the Fubini—Study metric using Moser’s trick. The

barycentre remains a Chekanov torus.

Items 2 and 3 together are called a nodal slide, and the full mutation is illustrated
in Figure 4.1.

Vianna then iterates this procedure, introducing new nodal fibres at different corners
of the moment polytope. Since the two corners (1,0) and (0, 1) are the same after the
first mutation, the Chekanov torus Ly becomes a unique new torus L(j 4 75). Iterating

further from this point generates two new tori every time. Vianna indexes this family by
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Figure 4.1: The mutation procedure. The fibre above the barycentres (red dots) are Clifford tori
on the left-hand side, and Chekanov tori on the right-hand side.

L1 25,169)

e

Lcy > Lcn > L(1425)

\L

(4,25,841)

S

Figure 4.2: Vianna’s exotic tori, indexed by Markov triples (a?,b%,c?).

integer triples (az, b?, cz) with a? + b* + ¢? = 3abc, which are known as Markov triples,
and shows that a torus L, ;2 ) is realised as the barycentric fibre of a degeneration of
the weighted projective space CP? (a®,b?,c?), though we shall not use this perspective
in this thesis. We focus for the rest of the thesis only on the first level of this procedure,
which has been known since the work of Chekanov—Schlenk [40].

We can distinguish tori of Clifford-type Lcy from tori of Chekanov-type Lcy by

counting J-holomorphic disc classes in H, (CIP’Z,L). Following the results of Auroux [4],
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we have that there are 3 classes of Maslov 2 discs with boundary on L¢;. Denote by o
the disc class w — [w: 1 : 1], and by o the disc class w s [1:w: 1]. Then Hy(CP?, L¢y)
is generated by {a, 0,0 — at; — ax} where Q = [CP!] is the hyperplane class.

On the other hand, consider the Chekanov torus in C> = CP? — {z = 0} given by
Lon = {(v(s)e'®, v(s)e™™*) :5,a € R},

where y(s) € C is a closed curve not enclosing the origin. By an abuse of notation, let
o denote the disc class of a disc with boundary given by the a coordinate, and by 3
the disc class given by the s coordinate. Then H,(CP?, Lcy,) is generated by {a, 8, 0}.
However, the class o does not contain any holomorphic representatives - this is precisely
the same reason the corresponding class can collapse for the Clifford torus L¢; in C? as

demonstrated in Chapter 3. In fact, the Maslov 2 classes on L¢y, are precisely

{B7Q_26+a>Q_2B7Q_2ﬁ_a}a

each occurring with moduli space of holomorphic discs of dimension 1 except for the
Q — 2P class which has dimension 2.
We adopt the following terminology for tori in CP?, which we will attempt to follow

whenever there could be confusion for the rest of the thesis:

1. We call the torus L2, = {[x: y : 2] : |x|* = [y|* = |z|*}, and any rotation of it by an
element A € PU(3), the holomorphic isometry group of CPP?, a minimal Clifford

torus.

2. We call any torus in CP? a Clifford-type torus if it has the same J-holomorphic
structure as LOCI, i.e. if there is a Lagrangian isotopy to the flat Clifford torus

inducing an isomorphism on the relative homology.
3. We call any monotone Clifford-type torus a Clifford torus and denote it by L.

We extend this convention in the natural way to Chekanov tori (though we don’t know

if there are any minimal exotic tori.)
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Figure 4.3: An example of a zero-object singularity - A Lagrangian plane attaining a type 1I
singularity.

4.3 C(lifford and Chekanov tori in Lefschetz fibrations

Our goal is to study the behaviour of Clifford and Chekanov tori in CP? under mean
curvature flow, but this presents a number of difficulties. The main problem is the
class of potential singularities is too great. Heuristically, singular behaviour is local
and since CP? looks flat on sufficiently small scales, we expect that a priori any singular
behaviour observed for zero-Maslov Lagrangians in C? should also occur for mono-
tone Lagrangians in CP?. In particular, zero-object singularities? like those studied in
Neves [33, Figure 3] (Figure 4.3) can occur and currently we have little understanding
about the nature of these singularities. A second issue is that there is no control over
where the singularity happens and what Lagrangian cone the type I blow-up produces,
even under the assumption that we obtain Lawlor neck singularities. Since these are
general problems in Lagrangian mean curvature flow, we choose a symmetric subclass
of Lagrangians in CP?> which cannot have the zero-object singularities and where we

have strong control over the location and type of the singularities.

2As a note on the terminology: The obvious surgery at such a singularity bubbles off an immersed
Lagrangian sphere with a single transverse self-intersection. Since such a sphere represents a zero object
in the Fukaya category, it seems sensible to call these singularities which are collapsing zero-homotopic
curves zero-object singularities. See Joyce [27, Section 3.7] for a more detailed description.
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We consider two rational maps CP? — CP'. The first is the Lefschetz fibration

flxey:2)) =27
in the complement of the anti-canonical divisor D = {(xy —z?)z = 0}. The second is the
projection

m(fx:y:z]) =1ly:2.
This extends to a foliation of CPP? by holomorphic spheres each intersecting at a single
point [0 : 0 : 1] with intersection number 1.
We call a subset U C C point-symmetric if x € U if and only if —x € U. For a
point-symmetric curve ¥(s) € C, define

L?, ={[r(s)e” : y(s)e ":1] | a eR,s € R}

and notice that since ¥ is point-symmetric, f (Lg),) = {[y(s)?: 1] : s € R} is an embedded
curve in CP! if y(s) is embedded in C. We will also allow unions of two smooth non-
intersecting curves such that the union is point-symmetric. By an abuse of notation, we
refer to such a curve as y(s) where the parameter s is now allowed to vary over two
intervals or circles.

First, we identify various Lagrangians in this format. Let y(s) =s € R C C. Then
{[se"® : se™"* : 1]}

lies above ¥ and is compactified by the circle [¢/® : e~/* : 0] at infinity. The resulting

manifold is
LY = {[se'® : s @ 1]} U{[* : e @: 0]} = {[1: e 2% : re ¥} U{[0:0: 1]}
or equivalently, using the substitution s = cot ¢,

LY = {[cos ¢pe™® : cospe ™ : sin¢] : ¢ € [0,7/2], &0 € R}.
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Note that L is fixed under the anti-symplectic involution X : [x: y: 2] — [§: X: Z], hence
1s isomorphic to RP?. The same applies for any other line through the origin in C.

The curve ¥,(s) = re' lifts to a Lagrangian torus of Clifford-type, which is mono-
tone and minimal if and only if r = 1. Furthermore, any point-symmetric closed curve
enclosing the origin lifts to a torus of Clifford-type, monotone if and only if the symplec-
tic area contained is equal to 47/6 = 27 /3. This follows from the Cieliebak—Goldstein
formula (2.2.3), k¥ = 6 and the fact that the disc is Maslov 4. Any closed circle y not en-
closing the origin and its point-symmetric image —7 together lift to a torus of Chekanov-
type (provided ¥ does not intersect —7), monotone if and only if the area contained is
27/6 = w/3. The fact that these Lagrangians are Clifford and Chekanov respectively
can be checked by observing their images under the Lefschetz fibration f and comparing
with the standard definitions in Auroux, for instance, [4].

We will distinguish between Clifford tori and Chekanov tori by their intersections
with real projective planes RP?. Immediately we observe that any closed curve 7y en-
closing the origin intersects any line / through the origin in at least two points, hence
any equivariant Clifford torus Ly = Lc intersects L; = RP? in at least one circle. Indeed,
this result is generalisable: L¢; is non-displaceable from RP?, as can be shown in multi-
ple different ways (see for instance [5] or [15]). Indeed, Amorim and Alston [1] give a
lower bound of 2 for the number of intersections between a Clifford torus and RP?. On
the other hand, one can easily observe that there exists a pair of point-symmetric circles
7(s) € C each containing a disc of area 2 and not intersecting the imaginary axis iR € C.
Hence Chekanov tori are displaceable from RIP2.

In the sequel, it will be useful to consider cones of real projective planes intersecting

our flowing Lagrangian tori, so we make the following definition:

Definition 4.3.1. Denote by [, the line {se’’ : s € R} € C. For a € (0,7), let C2 be
a cone of opening angle a about /p, i.e. the union of [, ,/ and [, /5. We say that a
point-symmetric pair of closed curves ¥ is contained in C? if arg(y(s)) € (b—a/2,b+

a/2)U(—=b—a/2,—b+a/2) for all s.

Finally, we define the symmetry condition we will be using.
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Definition 4.3.2. A Lagrangian Ly is called equivariant if y is point-symmetric and Z,-

symmetric with respect to the real axis.

The point-symmetry is an S'-symmetry on the level of Ly, so the equivariance con-
sidered is an (S! x Z,)-symmetry. The main reason for this symmetry condition is to
greatly restrict the variety of singularities that can occur. Specifically, we want to have

only Lawlor neck singularities occurring at the origin.

4.4 The equivariant mean curvature flow

Before proceeding to the proofs of the main theorems, we calculate the evolution equa-
tion satisfied by the profile curve ¥y under mean curvature flow. Despite being the gov-
erning equation for the rest of the results in the paper, we do not need the precise for-
mulation frequently: it is only necessary for the explicit construction of various barriers.
However, the derivation of the evolution equation for v is interesting in its own right
since we calculate the mean curvature of L, by a novel method.

Recall the fibration {Ly} by Clifford-type tori given by the fibres of the moment
map

1

by :d) = e (R DP).

The equivariant fibres are

L.={L,,is :r >0}

and for the rest of this thesis, we denote by Q the holomorphic volume form relative to
{Ly}. We first calculate the mean curvature of L,, then we calculate the mean curvature
of any other equivariant torus Ly by calculating the relative Lagrangian angle between
Ly and L, using Theorem 1.2.3. Recall that Theorem 1.2.3 implies that the relative

Lagrangian angle 8 = 6, defined by Q satisfies
HLY(X) = dGrel(X) —l—HLr(TL'X)

where 7 1s the projection onto the tangent bundle of L,.

We calculate the mean curvature 1-form of Clifford tori L, indirectly. The curve
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¥(s) = re™ bounds a J-holomorphic disc which lifts to CP? giving a disc
u:zwe [rzirz: ]
with boundary on L, of Maslov index 4. Cieliebak—Goldstein gives

—/ HLr:6/co—47r
oD D

since k = 6 for CP? with the Fubini—Study metric. We calculate Jp @ directly. We have

that in radial coordinates x = r; o, y= rzei92, the Kihler form is

1
0=—— <r1(1 —l—r%)drl NdB; — rlr%drl ANd6
(1+r7+73)
— r%rzdi’z AdO; —I—}’z(l —I—r%)di’z /\d@z),
SO
ro2F 2r?

o="2 - di=T—. 4.4.1

A) ”A 11222 =" 2e (4.1

Hence using Cieliebak—Goldstein, we have

272 -1
[ H =6 A —4 .
AD L =02 ”<1+2ﬂ)

Note that r = 1 is the monotone flat Clifford torus. Then by the symmetry of the tori L,,

2
1
Hb:—2<r >ds (4.4.2)

we have that

1+ 2r2
as a 1-form on L,.
Next we calculate the relative Lagrangian angle. If y(s) = r(s)e’®), then Ly is

given by the embedding

Fy:(s,o) — [r(s)e"q’(s)eia cr(s)e e . 1} :
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so the tangent space to Ly is spanned by

% = ((r’ +irg") ALY (r' +ir¢") ei‘pe*’.a)
OFy (. i ia . ig —i
Er <lre 90% _ire'?e O‘)

where we have identified the tangent space of CP? in the coordinate patch where z = 1

with C? in the obvious way. Note that

o = (ei‘Peia,O)
Oy, = (0,0 e™i%)
dg, = (ire'?e'®,0)
de, = (0, ire'e %)
SO
OF.
5y ="' (On +0r) +9'(%, +%,)
OF.
Ja %%
and hence
dF, OF.
((9_57/’(9_02/> - (D(arl —|—3r2,391 _892) =0,

which verifies that Ly is Lagrangian. Furthermore, since d,, + dr, and dg, — dg, are

tangent to L,, we have

Iy aFy)_ ( 1 / aFy)
01 (50 Ga) =0 (30 + 090, 57).

where dy = dg, + dg, and we have used Jdy, = —r;0,,. Since % is tangent to L,, the

Lagrangian angle 6 relative to €y, is given by

/
o— 1) — _1<r_>
arg(d) ir'r ) an Y
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and hence
_r//r¢/+r/2¢/+r/r¢//

d6 = 241297

ds. (4.4.3)

But the Euclidean planar curvature k of v is

L —r”r¢’+2r’2¢’—|—r’r(j)”—|—r2¢’3

(r’2+r2¢’2)3/2
/Y 12 4/ I/ (4.4.4)
B rrd' +r<¢" +rro p 1
= (r’2+72¢>’2) +¢ ,—}’/2—1—}”2(])/_2

We have that the projection of y onto L, is

JF. oF,
n(&ﬂ)__”(?ﬁjh>§E:_,8E

95 ) " (% 25 35 =95

so we are led to conclude that

JF. r?—1
i (x(25)) =2 ( 251 o 45
L’<n<8s <1+2r2>¢ ( )
Combining the above equations, we obtain
= 2 2 /2 aw
Hp,=d6+H. (% (\/ +7r2¢2 — ¢’ — (1+2r>¢) s
1 —4r ,
= (k\/r/2+r2¢’2—|— <1+2r2> [0} ) ds.

Hence we have that

IFy 142\
0 (i) =/ 0% ¢ (1+zr2) .

but

dF, OJF.
® ( asy J asy) <r/(arl +0,) +¢/(891 +(992)7r/r_1(891 +dp,) — r¢/(ar1 —1—8,2))

- < 2, r¢’2> @ (0, + Or,, g, + Jp,)
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r/2 + r2¢/2

=2—
(1+2r2)2

So we conclude that

A= L) (ks (124 il DF
L}'_E( + r) + 1+2r2 /r’2+r2¢’2 y(V)

where Vv is the Euclidean normal to y in C. Since (y,v) = —r?¢’/|Y|, we have that the

mean curvature flow of Fy in CP? induces an equivariant flow on y given by
2
2\2 1 —4r <Y7 V>
(14+27) (k— <1+2r2> o)V (4.4.6)

4.5 Triangle calculations using Cieliebak—Goldstein

dy

t

| =

In order to prove the main results of this thesis, we apply the generalised Cieliebak—
Goldstein theorem to certain J-holomorphic polygons with boundary on flowing La-
grangians. The most important are triangles with one vertex at the origin. Since these
triangle calculations are ubiquitous and essential in the sequel, we review the methods

involved here.

4.5.1 Maslov number for polygons

First, we interpret the Maslov number fi appearing in the Theorem 2.2.4. For La-

grangians L; bounding a disc D We have that

—1
(i(D)=—— iy
a(D) z::?/(—,l)id“

where @; satisfy

7 =%,

as in the proof of Theorem 2.2.4. Note that if €2 is a holomorphic volume form defining
Lagrangian angles 6; for L; by

Q'Li = elei VOlLl.

then o; = 26;.
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In the following two examples, we calculate the Maslov number i for various J-

holomorphic curves in CP? described by polygons in C.

Example 4.5.1. Let y;,% be curves in C lifting to equivariant Lagrangians Ly, , L, in-
tersecting at two points py, p» C C* bounding adisc u : (D, (dD1,dD3)) — (C, (11, 72))-
For ease of notation, we denote P = u(D), and consider this both as a polygon in the
plane C and also a J-holomorphic curve in CP?.

Let us calculate fi(P). There are two situations to consider. On the one hand,
when P contains the origin, then the topological component of the Maslov number [i
is 4 since that is the Maslov class of a disc with no corners. The contribution from the
turning angles at the corner p; is given by (—6;(p;) + 62(p1))/®, which is equivalent to
the difference in Euclidean Lagrangian angle between the Lagrangian planes 7), L; and
T,,L,. The Euclidean Lagrangian angle difference at any point p away from the origin

is simply the angle between the curves in the plane, so we find that

B(P)=4-— (1 + )

where y; are the turning angles between Ly, and Ly, in the plane at p;. On the other

hand, when P does not contain the origin, we obtain

B(P) =2~ (yi+ o)

in the same way.

For our second example, we now consider the case where one of the corners of P
is either the origin or infinity in CP'. For simplicity, we assume, as will be typical of
future calculations, that two of our flowing Lagrangians are parts of the minimal cones

0
cy.

Example 4.5.2. Let Ly be an equivariant Lagrangian in CP? intersecting the cone Cﬁ,
at points p*, p~, see Figure 4.4, with Euclidean turning angle & at p*,p~. Consider
the J-holomorphic triangle P with boundary on Ly given by the horizontal lift of the

Euclidean triangle (also denoted P) with boundary on 7, COV, and vertices at 0, p™ and
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Figure 4.4: The triangles P and Q considered in Example 4.5.2

We first calculate {i(P). The calculation proceeds as in Example 4.5.1 with the
topological component of fi equal to 2. The angle contribution at the corners p*, p~ is

as above, so we have

- 2
B(P) =2 ZE-A(v),

where A(y) is some function of the opening angle at the origin to be determined.

We could calculate this directly by calculating the difference in Lagrangian angle
between /,, and [_, ,. For the purposes of intuition however, we calculate indirectly
using the example where Y(s) = €' is the minimal Clifford torus. We have that £ = 7/2,

SO

A(P)=1-A(y).
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Furthermore, the area of P is given by

_yé4n vy
/p“’_zym 3

since the area is 47/6 when y = 27. Since Hp, =0, (2.2.5) implies that

AW =1-5 [o=—(z-2y).

Since the contribution of y at the origin is independent of the choice of ¥, we have that
i(P)=2 25 1(7r 2y) 4.5.1)
(P)= p - V). S.

In the important special case where & = 7, i.e. ¥ is tangent to the cone C?I, at the points

pT and p~, the sign of fi(P) is controlled by the opening angle y. We have that

B(P) =~ (x—2y)

and hence [i(P) is negative for y < 7 /2 and positive for y > /2.
In a similar way to the above, we can calculate fi(Q), where Q is the complement

of P in the cone COV,, see Figure 4.4. Here the contribution of the angle y to fi(Q) is
B(y) =~ (1),
T
To see this, note that the area contained in the cone Cg, is
o+ /Q o=Y
so (2.2.5) implies that

Q) =2~
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4.5.2 Evolution equations for polygons
Since they are important in the sequel, we recall the key formulae concerning H and 6.
We have that

H=d0+ «,

where « is the 1-form H; (7(-)), where 7 is projection to the tangent bundle of L,.

Furthermore, 6 defined in this way satisfies the evolution equation

29 =A0+d'a,
ot

by the same calculation that yielded (2.2.1), and the mean curvature 1-form H satisfies

2H —dd'H+ «xH.
ot

Recall that for a polygon P with no corners, the Maslov number is the Maslov class

and is invariant under mean curvature flow, and so we have

) 19 1
=z - __Z - _— T = —
81‘/pw Kc?t/aPH K/3PddH+KH K/Pa) Tu(P).

It initially seems reasonable to conjecture then that for a polygon P with corners,

%/szk/l)co—nﬂ(P).

However, this does not hold for two reasons. Firstly, we obtain boundary terms from
integrating dd'H. Secondly, when differentiating, we must account for potential tan-
gential motion of the vertices of the polygon under mean curvature flow.

For these reasons, we only consider the evolution equations in the context of Ex-
ample 4.5.2. We note that in this case we have that the sides of the triangle on the cone
are constant angle and minimal.

To that end, let Ly be a flowing equivariant Lagrangian, intersecting the cone C& at
points pT, forming a triangle P as in Example 4.5.2. Initially, we assume the intersec-

tions are transverse. Writing 6 for the relative Lagrangian angle of Ly and H = H,, for
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the mean curvature 1-form, by differentiating (2.2.5) we obtain

a1 o= (car = )

Lo 19
== (6(p )—9(P+))_EE/YH

From each term, we obtain a normal and tangential term to account for the tangential
movement of the intersection points p* along Cg, under the flow. Writing the mean

curvature flow as

ax—ﬁ+v
ot

for a tangential diffeomorphism V to be determined, we have that

% (6(p™)) = A0(p™) +d a(p™) +(VO,V)(p™),

and

%/yH:/y(ddTH+KH)+<v/yH,V>

—x [ H=20(p") +26(p") ~d"a(p) +d"t(p2)
Y
—(VO,V)(p™)+(VO,V)(p") —a(V)(p7) +a(V)(p™)
where we have used that H = d0 + o and hence d'H = A8 + d' a, where o is the closed

1-form on L defined by o(X) = Hy,(nX). Combining the above equations and applying
(2.2.5), we obtain

0 -
E/Pw_’(/i’w_w(m (4.5.2)
+_

(e (P7)+a(v)(p)).

Since the intersection is transversal, we can write the tangential vector field V as H+V=

W, for some vector field W on Ly tangent to Cfl),. The vector field W then gives the motion
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of p* along the cone, and we have that

—

a(V)=a(W—H)=a(—H).

Note that while V is not well-defined when the intersection is not transversal, at(—H) is

well-defined everywhere on Ly. Thus it is tempting to claim that

d -
E/Pw_K/Pw_W(P) (4.5.3)

o (a(-A)(p) +al-H)(p")).

even when the intersection is non-transversal. The most important case of this is char-
acterised in the following lemma, where v is a local maximum opening angle, allowed

to vary in time.

Lemma 4.5.3. Let Ly be an equivariant Lagrangian mean curvature flow in CP? on a
time interval [ty ,t;], with 'y not passing through the origin. Suppose that fort € [t|,t2], Ly
has a local maximum opening angle y(t) on [t1,t2], where W(t) is a smooth function of
t. Then the triangle P defined by the cone Cg, and 7y, with vertices at p* and the origin,

satisfies

d
E/ngx/PahL(n—Zw) (4.5.4)

Proof. Let y(s) be parametrised by some variable s. Then there exists a smooth function
S(t) such that y(S(¢)) attains the maximum opening angle y(z).

Let A(s,t) = [p @, where P; is the triangle intersecting ¥ at ¥(s). Here, the inte-
gral is the signed integral of @, see Figure 4.5. Then we have to calculate the time-
derivative of A at S(¢) for ¢ € (t1,;). By choosing a sufficiently small time neigh-
bourhood (r_,7y) C (#1,t;) of ¢, we can find a time-independent space neighbourhood
(s—,s4) of S(¢) for all ¢ such that y(s) intersects the cone transversally for all s # S(¢).

For any fixed opening angle y with transversal intersections with Y at pf, we have

that

%/P (D:K/P w—nﬁ(Px)—F%(—a(—ﬁ)(PI)JrOC(—ﬁ)(P;?)),

where Py is the triangle of opening angle y, again calculated with sign. Now allowing
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Figure 4.5: Three triangles P;, ordered with increasing s. In the right diagram, the area is counted
with sign, i.e. the green area is counted positively and the purple area negatively.

that the opening angle y = x/(s,¢) may evolve with s,

d _d dx JdA
_A(S,Z) = E 5, (J)-l-E(s,t)@(s,t)

and taking limits as s — S(¢) gives

SO0 =k [ 0 wi(e) 4 (~al-A) 0} + o) (py)

dy 0A dS,6  oJA
+ (0.0 5 500+ 5 05 $0).0),

But since S() is a local maximum of the area by assumption, we have that

JdA
g(S(t),t) =0.

Furthermore, the maximum opening angle is decreasing in time, so

dx
—=(8(t),1) <0
L(stn).n <o,
and A is always increasing in ) for ¥ < v, so

ax

it (S(¢),t) > 0.
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Finally,
—a(—H)(p")+a(-H)(p~) <0

since the direction of the mean curvature is fixed by the assumption that p™ are at the
maximum opening angle. Since the Maslov number satisfies T{i(P) = — (7w —2y), we
conclude that

d

EA(S(t),t) <K A o+ (m—2y),

as desired. OJ

4.6 Minimal equivariant Lagrangians

From equation (4.4.6), any minimal equivariant Lagrangian must satisfy

1—4r2\ (y,v)
k_(1—|—2r2) L =o. 4.6.1)

Away from the origin, equation (4.6.1) is a non-linear 2nd order ODE. Given any point
x € C and an initial velocity v € T,C, there is a unique local solution to (4.6.1) passing
through x with velocity v. The proof is identical to the equivalent statement for existence
and uniqueness of geodesics.

Two classes of solutions to (4.6.1) are immediately apparent. First, either from
the derivation of (4.6.1) or by direct calculation, one can see that the Clifford torus

L1 =1L

s given by the unit circle is a minimal submanifold. Second, any straight line
through the origin Z,, = {se’* : s € R} has k = 0 and (I;,, v) = 0, and hence gives a minimal
submanifold of CP?, topologically a real projective plane.

Combining the second class of solutions with the prior observation that solutions
to equation (4.6.1) are unique, we realise the following: If ¥ is a solution to (4.6.1) with
(v,v) =0 at a point p € C* (or equivalently, a point p € C* with relative Lagrangian
angle £7/2), then 7y is a line I,.

Let us consider minimal Lagrangians that can be written as graphs over (sections of)

the unit circle; that is to say Lagrangians given by point-symmetric curves y(s) = r(s)e'
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with r(s) € (0,0). From (4.6.1), we have that r satisfies

" 2 (1=47\ o >
—r'r+2rc+r-+ 52,2 (r+r°)=0.

Rearranging, we obtain

3 > 1—r2%

" 2 2

= 2 ~0
rr+(1—|—2r2 T (1+2r2)r

We make the substitution

[f(s) =1log(r(s)).

Then we have
1—r -
1+2r2

1— 2
_f//+2—r2f/2+2

0.
1+2r

We aim to find a first integral of the equation. To that end, let y = f’. Then

hence

CAN)} R
df  “1+22 T 122

Making a further substitution # = y%, we have

du 1 —r? 1—r?
— —4 U= ,
df 14272 14272

Denoting ) y
l—r l—e

() 14272 14262/

we have that (4.6.4) is solved by use of an integrating factor, giving

£ =y = ol PUNAS / P(f)e TP g 4 col PUIS

77

(4.6.2)

(4.6.3)

(4.6.4)

where C is a constant determined by the initial conditions. Calculating explicitly, we
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have
et

(142¢2f)? -

12

1=:B(f,C). (4.6.5)

Explicit calculation verifies that this is indeed a solution of equation (4.6.3).

Given any constant C > 0, there is a constant R > 0 such that B(f,C) < 0 for all
|f| > R. Hence every solution of (4.6.3) has f bounded, and therefore any solution to
(4.6.2) has r bounded away from 0 and infinity.

To find the minima and maxima of a solution to (4.6.2), we have to find zeroes of
B(f,C). Letting x = ¢*/, we see that the zeroes of B(f,C) are determined by the positive

real roots of the cubic
Po(x) =82 4+ (12— C)x*> +6x+ 1.

The discriminant of Pc(x) is

A=4C*(C-27).

There are then 3 cases to consider. Firstly, when C = 27, Pc(1) = 0 is a repeated root:
this corresponds to the minimal Clifford torus L;. The third root is —1/8, which does not
correspond to a root of B(f,C). Secondly, When C < 27, Pc(x) has 1 real root and two
complex roots. Furthermore, in this case the real root is negative by applying Descartes’
rule of signs to Pc(—x), implying that B(f,C) has no roots for C < 27.

Finally, if C > 27, Pc(x) has 3 distinct real roots. Applying Descartes’ rule of signs
to Pc(x) and Pc(—x) implies that Pc(x) in this case has two positive real roots r| < r, and
one negative real root. The two positive roots determine zeroes of B(f,C). We do not
find the roots explicitly, though this could of course be done by the formula for roots of
a cubic. However, by examining B(f,C) directly, we can see that B(f,C) has 1 positive

root and 1 negative root, which implies that
O<r<l<r<oo,

Note that as C — oo, r; — 0 and r, — e monotonically.

Next, we approach the question of periodicity of solutions to (4.6.2). Since solu-
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tions can only have maxima at , and minima at r; and are strictly bounded between r{
and rp, they must oscillate between the two with some period Y. Note the solution must
be periodic since any solution to (4.6.2) is uniquely determined by the Cauchy boundary
condition r(sg) = ry (or r2) and ¥/ (s9) = 0.

The period y¢ is given by solving (4.6.5). We have that

logr, (1—}—2er 1+2r 1
Ve=2 / —dr
logri \| Ce*f —(1+ 2€2f (1+42r2 )

where logr; and logr; are the positive real roots of B(f,C). This integral cannot be eas-

ily evaluated by standard methods. However, with standard methods, we can determine
lower bounds for y¢ for specific cases. We present C = 54 as an example since it will

be useful in the sequel.

Example 4.6.1. Let C = 54. Then the roots of
8> +(12—54)x> +6x+1=0

arc
1 1 1

2

So making the substitution x = r~, we have that

v _/;(5+3\/§)A() 1 J
*= i Je-H(6+3v3)-x)

where
(1+2x)3/2

20 /x—L(5-3v3)

Note that A(x) is decreasing in x for x > 0. So

Alx) =

(5+3V3) 1
VE=1) (365+3v3) —x

W54>A< (5+3\f)>/ dx:A<%(5+3\/§)>7r
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where we have used that

T,

b 1
dx =
/a V(x—a)(b—x)

as can be shown using the substitution x = ¢+ (a+ b)/2; letting y = (a — b) /2, we have
that

dt =sin"'(1) —sin "' (=1) = .

b 1 y 1
| vt L=

‘We have that

A(%(5+3\@)>2_ (6+3v3)  702+405V3

9
= = > —.
(5+3v3)23v/3 20741563 4

So Y54 > 371'/2.

We aim instead to analyse the limiting behaviour as C — oo, illustrated in Figure

4.6. We show the following:

Lemma 4.6.2. The period Y¢ converges to 31/2 as C — oo.

Proof. Let yc(s) = r(s)e™ be a minimal equivariant Lagrangian. Without loss of gen-
erality, we suppose that r satisfies (4.6.2) subject to the initial condition 7' (0) = 0 with
r(0) = r; < 1 the minimal value being determined by C = (1+2r})3/r{ > 27.

Denote by y. the inner period, i.e. the period where r(s) < 1. Similarly, denote by
wg the outer period. Note that y¢ = vy + l//ér .

First, we show that y is strictly greater than /2 for all C with y. — 7/2 as
C — . To do so, we need two geometric inequalities that relate the inner period Yy
to the minimum value r|. See Figure 4.7 for the following setup. Denote by P the
J-holomorphic biangle lying inside B with sides on ¢ and L1, and vertices at the inter-
section points p~ between y¢ and L;. By assumption, we have that p* = ¢'¥c /2. Let A
denote the J-holomorphic quadrangle with sides on L1, L,, and the cone CS/E' Finally,

denote by B the J-holomorphic triangle with vertices at p~, p* and the minimum value

%c(0) = ry, and sides on L; and N &, where N is the radial straight line connecting }¢(0)
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Figure 4.6: The inner period converges to /2 and the outer period converges to 7 as C — oo.

Figure 4.7: The area of P (the blue region) is bounded above by the area of A (the green region)
and bounded below by the area of B (the orange region).
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to pi, 1.e.

nt(s) = <21 _rls—i—r]) e=is,

Ye

Then we have the geometric inequalities

K'/ACO>K'/P(D>K'/BCO. (4.6.6)

The first inequality is immediate. For the second inequality, we have that (4.6.2) implies
that r’(s) > 0 for r < 1, and hence r is convex as a function of s for r < 1.
Since yc is minimal and the relative Lagrangian angle for yc is given by tan~! (+' /r),

we have that

_ C _ 1 (1+2r3)3
=xa(P)=2n—2tan ' (\/—=—1)=27r—2tan ' [/ =1 _1].
«fro=mater=2n— 2o (/5 1) <22 (| [1 07

We can calculate k [, @ using Cieliebak—Goldstein. We have that fi(A) =0, so (4.4.2)

gives

wc‘/ _1-r
K|l wo=——= [ H, =2 :
/A 2w Jr, i T Ve T2

Therefore (4.6.6) implies

14272 ] (4223
—t S Sl il VAR
v > . rlz <7r an 77 r‘]‘ 5

s0 Y > m/2 for all C > 27 and

C—oo

lim y = lim y > 7/2 (4.6.7)

Instead of using Cieliebak—Goldstein to calculate k [ @, it is simpler to calculate di-

rectly. Letting a = 2(1 —ry)(yz )~ for ease of notation, we have that

K| =2 T
B 0 ap+ry (1+2I"2)2

-,
=K’/ - d¢
0 1"—2}"2 ap+ri
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/‘Vc/2 1+ 1 J
=K —_—
0 3 1+42r} +4ar ¢ +2a%¢? ¢

c/?
=K {—¢/3+ﬁtan_l (\/§(a¢+r1))}:

— vy (—1+m (tan~" (V2) — tan" (\/_”>))

- 3 _ \/j(l—rl)

where we have used the equality

-1 -1 —1(X=Y )
t —t =t
an~ (x) —tan” " (y) = tan ( o

in the final line. Therefore (4.6.6) implies that

2\3
B <27r—2tan_1 ( %%—1))

Yo <
14

3
\/i(lfr])

Since lim,_,gtan~!(x) /x = 1, we have that

lim y. = hm l//c <m/2. (4.6.8)

C—soo

Combining (4.6.7) and (4.6.8) gives

li = l =r/2.
CLH:O Ve = 1m ‘l/c m/

The proof that

lim = lim =T
C—oo WC rp—ree WC

with l//ér < 7 for all C > 27 is largely similar, with one additional complication. Letting
P be the biangle lying outside B, and A and B constructed similarly to above, we claim
that if we have the geometric inequalities (4.6.6), then the result follows. Indeed, if the
geometric inequalities held, the proof is identical up to small changes in the calculation.

The first inequality clearly holds, and so we obtain in the same way as above that Yy, <7
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15+ 0.004 -

J 0.002 -

10+

I I L L { I
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-0.002

5+ -0.004 l‘ ;
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0.‘5 1.‘0 1‘,5

Figure 4.8: The radius r(s) of a minimal curve y¢ in blue compared with the radius of a radial
line 1 in orange. The region J is labelled. The region K is so small as to not be
visible in the left diagram, but is visible on a smaller scale, see the right diagram

where the difference between the minimal curve and the radial line is plotted for
small s.

for all C > 27 and

li ~ =1 ~ <.

Jim v = im, ve <
Although the second inequality in (4.6.6) does in fact hold, it is not immediately apparent
why. Above, we were able to use the fact that 7/ > 0 for r < 1 to derive the second
inequality. However, r is neither convex nor concave for r > 1, so we need a more

advanced method.

It suffices then to prove that for sufficiently large C > 27,

K/CO>K'/CO.
P B

Consider then the set-up depicted in Figure 4.8, where we have plotted y¢ as a graph over
s, assuming now that the intersection with the r = 1 line occurs at s = O for simplicity.
We want to show that the area under Y (which is equal to [, @/2) is greater than the
area under the area under the radial straight line 1(s), which as a radial function of s
is given by 2s(rp — 1)/ l,llér + 1. This amounts to showing that the area [;  is greater
than the area [, @, where J and K are the depicted regions. Since ¢ is by assumption

minimal, Cieliebak—Goldstein gives

K/Ja)—ic/](a):—/nHLn+§—§,

where & and { are the interior angles at the corners (note the Maslov classes of J and K
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have cancelled significantly).

Leta=2(r, —1)/y¢ for ease of notation. Then we have that §{ = tan~!(a/r;) and

é :tan_](a)—tan_l ( LM— 1) i

27 4

)
So
(- =t (220 —an ! 1 (+27)
)+ a? 27 r‘2l
Then
lim ({ —&)=—tan"! ve _z
We have that

where r = as+ 1. Then

/H _/‘l’c+/2 a? 2a*s? +4as J
n b= Jo 2+ 1+2as+a22  3+das+2a22 "

= [—s—i—tanl (é +s> —i—%tan1 (\/5(1 —|—as)>]

vt /2

0

:—l//g/Z—l—tan_l( —HIIC/Z) (é)

32\2_ (tan*1 <\/§(l —i—awér/2)) —tan~! <\/§)>

We claim that a — o0 as C — . We postpone the proof of this in favour of completing

the rest of the proof. We have then that

hm < /HL17 +¢— ‘g’) = hm (l//g/2+tan_1 (w}/2) —tan™! (%g) —%)) >0,

since we know that wg > 7 for all C > 27. Thus the inequality

K/CO>K'/(D
P B

does hold for sufficiently large C > 27.
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It remains to prove the above claim that a — o0 as C — oo, or equivalently, to prove
that l[/ér is bounded for all C > 27. To do so, it suffices to use a much weaker inequality
than the above. As observed above, r is convex for » < R and concave for r > R, where

R > 1 is a radius determined by a root of the equation

2
" 3 ” )

= — 2 =
TR T

Since 2 /r? = f”> = Cr*(1 +2r?)3, R is a root of the equation
22 (142r7)3 + (142773 =3¢ = 0.

For C > 27, the above equation has exactly one root greater than 1, namely

Rz\/l(—4+\/f+\/m).

8

Note that R — o0 as C — 0. To derive a contradiction, choose C > 27 sufficiently large
that y! > 4m and R > 4. Since r is convex on the interval [1,R) and \/C/27 — 1 — oo
as C — oo, we can also choose C sufficiently large that the period of time that r < 4 is

less than 2. Then [, w is bounded below by the area of the annulus A(1,4), which is

1</co>7r7
P

strictly bigger than /6. So

but Cieliebak—Goldstien gives that

K/co<7r,
P

a contradiction. This completes the proof. [
We can now prove the main theorem of this section.
Theorem 4.6.3. There exists a countably infinite family of complete immersed minimal

equivariant Lagrangians. In particular, for any R > 0, there exists a complete immersed

minimal equivariant Lagrangian Ly with minz, r < R.
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Figure 4.9: Complete immersed minimal equivariant Lagrangians of varying period. The corre-
sponding integers pairs are (m,k) = (7,6), (11,9) and (14, 10).

Proof. Note that the period y¢ of a solution )¢ to (4.6.2) depends continuously upon the
initial condition. Since Yy — 37/2 by Lemma 4.6.2 and by Example 4.6.1 y¢ > 37/2
for some C > 27, we have that there exists 0 > 0 such that for every y € (37/2,37/2+
0) there exists a C > 27 such that y¢ = y. In particular, we can find infinitely many

integer pairs (m, k) and values C(m,k) > 27 such that

mWC(m,k) = 2rmk.

Then the minimal equivariant Lagrangians g, x) described by C (m,k) are complete

immersed minimal equivariant Lagrangian. This is an infinitely large family of unique

solutions since for every sufficiently large prime k, we can obtain at least one solution.
Since this argument also applies to any 6’ < &, we can construct Ly satisfying the

second part of the theorem. [

Figure 4.9 illustrates the spirograph-like shape of the complete immersed minimal
equivariant Lagrangians.

While we are on the subject, we prove one final property of the minimal surfaces
which will be useful in proving Lemma 4.7.5. The idea of the proof is similar to Lemma
4.6.2, but a slightly different geometric estimate is required. Instead of estimating using
a disc B with boundary on a radial straight line, we use a disc B with boundary on a

Euclidean straight line, see Figure 4.10

Proposition 4.6.4. Let yc(s) = r(s)e”, C > 27, be a solution to equation (4.6.2) with
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0.5

0.4

0.3

0.2

0.1

oot~ . M Ly
0.0 0.1 0.2 0.3 0.4 0.5

Figure 4.10: Radial straight lines (orange) used in Lemma 4.6.2 compared to the Euclidean
straight line (red) used in Proposition 4.6.4. Both give lower bounds for the region
contained between 7 (blue) and the circle of radius R¢ (purple).

initial condition r'(0) = 0 with r(0) = r; < 1. Let Rc := r(n/4), i.e. the radius of

intersection with the cone C70t /2 Then Re — 0 as C — o,

We need a lemma to prove Proposition 4.6.4, which guarantees the Euclidean

straight lines give lower bounds for sufficiently large C > 27.

Lemma 4.6.5. Let ¢ be as in the statement of Proposition 4.6.4. Then R¢c < 1/2 for C
sufficiently large.

The idea of the proof is to find a subsolution (a hyperbola) with the desired be-

haviour, and then use the comparison principle to obtain the result.

Proof. Consider the hyperbolas ¥, . given by

2.2

ax —y2:c2

for constants a,c > 0 to be determined. For a > 1, ¥, is asymptotic to Co

7/2+2¢(a) 1O

some €(a) > 0, with €(a) — 0 as a — 1. Parametrising by the x coordinate, the part of
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Y = Ya,c in the positive quadrant is given by
Y(x) = (x, Va?x* — c?),

for x > ¢/a, which has unit normal

1 —a*x
V= 1.
Va2 +a*x® — 2 \ Va2x2 — 2

The planar curvature & is then

_ y// _ CZaZ
(1+4y2)3/2 (@202 + a*x2 — 02)3/2’
and
2
—C
V) = .
{v.v) V22 ¥ al =2
Hence we have that
\% 1
(142r)k — (1—42) <Y’2 ) > 3 ((1 +2r1)ca® + (1 —4r2)c2),
r

(a®x* 4+ a*x* — ¢?)

for r < 1/2. 1t follows that

[\

(1+22)k — (1 —42) Wr’zv) =S (-4 2@+ (1-4) @+ Fad - 1)),

where B = Va2x2 + a*x? — ¢ = \/a?r? + c2(a® — 1). Simplifying further and using r* >

c?/a?, we have

4 6 2
(14 22k — (1 — 472 <7r’2v> < % (—iz+ (@®—1)(1—472)
a
2
< —1-4
a

Solving the resulting quadratic, we find that we have

(v,v)
r2

(1+2)k— (1 —4r7) <0
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for all a > 1 satisfying

1 1\?
1<a2§ <2c2—|—§> +\/<2€2—|—§> +2c2.

On the other hand, we have that ¥, . intersects the cone Cg P when (a2 — l)x2 =c’,

which occurs at radius R with
2¢2
az—1

(2 +1)+ (2 2+1)2+22
= C C = C
2 2 ’
1 1\2 -
w2 ((20-g) (e 3) 2

which converges to 1/3 as ¢ — 0. So we can choose a > 1 and ¢ > 0 such that R < 1/2.

R? =

So for

we have that

Let C be any constant such that ¢ has r; < ¢. We claim this implies that y¢ inter-
sects the cone Cg jpata radius less than R < 1/2. Suppose not. Then Y intersects ¥,

at two points inside the cone Cg /2 Consider the quasilinear elliptic operator Q(f) given

by
1— 1—r2

1+42r Zf 1+2r2

o(f)=—f"+2

where f = logr, see equation (4.6.3). Let fc and f, . be the logarithms of the radius
functions of y and ¥, respectively. Then we have that Q(fc) = 0 and Q(f,.) < 0.
Furthermore, we have that for s € [—S,S] C (—7/4,7/4), fc(s) < fac(s) with fc(S) =

fac(S). Since
1—r2
5,
( 1+ 2r2) <0

for all r, we can apply the comparison principle for quasilinear elliptic operators to

deduce that

Je(s) = faels)
for all s € [—S,S], a contradiction. O

Proof of Proposition 4.6.4. By Lemma 4.6.5, we have that r; < R¢c < 1/2 for suffi-
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ciently large C > 27, and hence r(s) < 1/2 for all s € [-n/4,7m/4]. Consider now y
as a graph over the y-axis, i.e. ¥(y) = x(y) + iy for y in an interval I containing 0. Since
x=r(s)coss and y = r(s) sins, simple application of the chain rule gives that

d*x 1 " )
— —2rc — .
dy*  (r'sins+rcoss)3 <r T T )

Using (4.6.2), we have that

&: 1 1—4r (r/2+r2)
dy*  (r'sins+rcoss)® \ 1+2r? ’

which is greater than O for r < 1/2. So x(y) is convex as a function of y. Hence the

Euclidean straight line n* connecting the minimum value r; with Ree™™/* does not
intersect Y for s € (0,7/4). Similar to the proof of Lemma 4.6.2, denote by P the
J-holomorphic biangle bounded by y and the circle Lg., and by B the J-holomorphic

triangle with boundary on n* and Lg,.. We have the geometric inequality

K/(o>1</a),
P B

and as in Lemma 4.6.2, we have that

1
K| o=riP)—— H
/P ILL( ) 4 LRC LRC
1423 R4 RZ—1
— 27— 2tan" ! (+4r1) C2 —1)+=x ¢ 5
i (1+2RZ%)3 1+2RZ

N 1+2r2)3 R} 3
- 1(\/( A : EToA e R G
1 C C

On the other hand, we can estimate [, @ by the Euclidean area of B. Note that since

r<Rc< 1/\/5, we have that

2r 2
0= ——>5drdp > ———rdrdp > ay
(1+222 =z 1+2R%r rag 2 a,
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where @y is the Euclidean area form. The Euclidean area of B is given by

TRZ  riRc
fyn=

NN

Then the geometric inequality gives

33 (112727 R
R ——— — = | > 7 —2tan"! ! ¢ — 1| —3V2rRe.
C(l—l—ZRé 2) an (\/ r‘11 (1+2R%)3 ric

If Rc 1s bounded below by € > 0, the right-hand side converges to 0 as C — o while the

left-hand side is strictly less than 0, a contradiction. This completes the proof. ]

4.7 Singularities for equivariant tori

To restrict the number and variety of singularities under consideration, we want to
largely follow the ideas of Wood ( [51], [52]), although we have to make many ad-
justments to account for the differences in the situations.

As Wood’s work relies heavily on [33, Theorem B], we first prove a version of
Neves’ Theorem B for our situation. In fact, we show that we can modify the monotone

version [34, Theorem B] (see Theorem 2.3.2) to apply to CP?.

Lemma 4.7.1. Let L be a monotone Lagrangian mean curvature flow in CP? with a
finite-time singularity at T < oo. For any sequence L{ of rescaled flows, the following
property holds for all R > 0 and almost all s < 0:

For any sequence of connected components ¥.; of B4g(0) NL! that intersect Bg(0),
there exists a special Lagrangian cone ¥ in Byr(0) with Lagrangian angle 0 such that,
after passing to a subsequence,

lim | f(exp(i6)))9ds” = mf(exp(iB))t(¢)

J—reo Ej

for every f € C(S") and every smooth ¢ compactly supported on Byg(0), where  and

m denote the Radon measure of the support of X and its multiplicity respectively.

Proof. By Proposition 3.3.4, a monotone torus in CP? lifts to a monotone spherical

Lagrangian 3-torus in 5 C C3. The flow also lifts, becoming a flow with a singularity at



4.7. Singularities for equivariant tori 93

atime T < 1/2 (recall that t = 1/2 is the singular time of the sphere S°). The singularity
in the lift occurs along an S!, the Hopf fibre above the singular point of the original flow.
At this point we can already apply [34, Theorem A] to show that we have conver-
gence to a finite set of special Lagrangian cones with angles 6. We want to show that we
can instead apply [34, Theorem B], which a priori only applies in C?. Indeed, the only
part of the proof of Theorem B which does not hold in higher dimensions is [34, Lemma
5.2]. So we have to show that for all j sufficiently large, there exists some C > 0 such

that
(%”3(A))2/ P <ca(on), (4.7.1)

for any open subset A of Ll N Ber(0) with rectifiable boundary. To do so, we have to
hop between the original flow in CP? and the lifted flow in C3. First, note that since the
Hopf fibration is an isometry up to scale, the final time 7 gives an inequality relating
the areas of subsets of the flows (note that no such inequality would exist if 7 = oo or
equivalently 7 = 1/2). If A is an open subset of Lg and Ay is its image under the Hopf

fibration, we have that there exists constants ¢;(7),c2(T) such that
e (T). A (Ag) < A3 (A) < o(T) A2 (Ap).

Instead of using the Michael-Simon Sobolev inequality [32] as in the proof of [34,
Lemma 5.2], we instead apply Brendle’s Michael-Simon Sobolev inequality for Rie-
mannian manifolds with positive curvature [7] to the flow in CP2. Denote by Ag C L the
image of A under the Hopf fibration. Then, following the idea in [34, Lemma 5.2], we

have

(#2(A0)) "

<C(R) /A |Ho|do7 +C (9A0)
1/2
< C<%2(AO)>1/2 </AO |Ho\2> +CH# (9Ay).

Neves’s proof of Theorem A implies that

lim | \H?dA#3=0
J—=>JLINBR(0)



94  Chapter 4. Lagrangian mean curvature flow in the complex projective plane

for almost all s and all R > 0, so we have that

lim [ \Ho|*d#* =0
J=Jr(L{NBg(0))

also. Then rearranging the above calculation we have that there is a universal constant

C such that for all j sufficiently large,
2 1/2 1
(A2(A0)) " < Co' (0A).
Now using the Michael-Simon Sobolev inequality on the lifted flow in C3, we obtain

(23@) " <c /A \H|dA? + CA2(9A)
<c(#*w)"” </A ]H|2d%3>1/2+C%2(8A)
< (1) (#2(A0)" (/A \H\zd%”3> 1/2+C,%”2(&A)
1/2
< C(T) A (9A) ( /A |H|2d,%”3> +CA(A)

< C(T)#7(9A) (1 + (/A !H|2d%”3> 1/2> :

and so the result (4.7.1) follows. The rest of the proof follows as in [34], and the result

factors down to CIP? as desired. OJ

With Lemma 4.7.1 in hand, we can prove many of the results of Wood [52] for our

situation.

Proposition 4.7.2. Suppose Ly is an equivariant monotone Clifford or Chekanov torus

in CP%. Let T € (0,00] be the maximal existence time for Ly.

1. If yis initially embedded, it is embedded for allt € [0,T). If Ly, , Ly, are two initial
conditions with a finite number of intersections, then the number of intersections
of v1 and Y is a decreasing function in t. Similarly, the intersection number of y

with any cone Cy is also a decreasing function in t.

2. If Ly has a finite-time singularity, then it must occur at the origin.
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3. The type I blow-up of any singularity is the cone Cg /2

4. The type Il blow-up is a Lawlor neck asymptotic to the type I blow-up. The blow-

up is independent of rescaling sequence.

In addition, we also expect the following result of Wood [52] to hold in our case,
though the proof certainly must differ due to the global topology of the situation. We do

not directly use the result in the sequel, so we leave it as conjecture.

Conjecture 4.7.3. The type I blow-up of any singularity is a multiplicity 1 copy of the
cone Cg /2 The blow-up is independent of the rescaling sequence. (c.f. [52, Theorem
5.2.8])

However, we do sketch a proof that the singularity is multiplicity 1 locally, in the

following sense.

Proposition 4.7.4. Any sequence of connected components as in the statement of Theo-

rem 4.7.1 converges to a multiplicity 1 copy of the cone Cg /2

Proof of Proposition 4.7.2.

1. All 3 statements may be proven by variations on the same argument, which dates
back to Angenent [2] applying a classical result of Sturm [45] on the zeroes of a

uniformly parabolic PDE (see [2, Proposition 1.2]).

We show the intersection of Ly, is decreasing, the other statements follow similar
methods. Since Ly, is a Clifford or Chekanov torus, ¥ does not pass through the
origin or infinity before the singular time. In particular, for any 77 < T we can
find an annulus A(r,R) C C with %; C A(r,R), for all t € [0,T']. On this annulus,

the evolution equation for ; is uniformly parabolic for both i.
Then we are in the situation of [2, Theorem 1.3], and therefore the number of

intersections of y; and P, is decreasing in ?.

2. The statement is the same as [52, Theorem 5.2.6], but the proof in our case uses a

method closer to that found in the proof of [52, Theorem 5.2.15].
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For a contradiction, suppose Ly = F,(L) has a finite-time singularity not at the
origin, i.e. at a point x € C*. Since Ly is monotone, the singularity is type II by
Theorem 4.1.2. Consider then a type II blow-up sequence, that is to say a sequence
of space-time points (p;,;) with x; = Fy(p;) — x as i — oo, where t; € [0,T — 1/i],

satisfying

1 1
P (1) s (0P 0).
[As (pi)] P T o™ e, |A: (p)| i

Then we can find a subsequence with

(@) |As(pi)| — e monotonically,

(b) |A,(p)* (T —1—1) = o

1

As in [52, Theorem 5.2.15], we have that the parabolic rescaling of F,

FE () 1= Ay (B y2o(p) — 1)

with a factor A; = |A;,(p;)| around (x;,#;) converges locally smoothly to a limiting
eternal flow in C?, the type II blow-up L. Since the finite-time singularity is not
at the origin by assumption, the origin goes to infinity under the rescaling and
hence the equivariance becomes a translational symmetry for the type II blow-up,
i.e. there is a vector V € C? that is tangent to L; for all space-time points. Hence
the type II blow-up is characterised by time-dependent curves ¥; € C given by the

intersection of L; with the orthogonal complement of span(V,JV) C C2.

By definition of the rescaling, |A| takes a value of 1 on the type II blow-up at
the space-time point (0,0) € C? x (—oo,00). Since L; is given by 7; x R, the
second fundamental form of L; is determined by the geodesic curvature of 7;.
Therefore the geodesic curvature of y; is non-zero at (0,0), but this implies the

mean curvature of L is non-zero at (0,0). So L is not special Lagrangian.

However, we can use Lemma 4.7.1 in the same way as Wood uses Neves’ Theo-
rem B in the proof of [52, Theorem 5.2.13]. In particular, we find that we have

convergence of the Lagrangian angle 6. of the type II rescaling to a constant 8
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on any bounded parabolic region. But this implies L; is special Lagrangian, a

contradiction.

. The ideas used here are similar to those in the proof of [52, Theorem 5.2.8]. The
main differences are as follows. We have monotone Lagrangians as opposed to
almost-calibrated, which leads to additional possible singularities coming from
the topology that Wood is able to rule out. However, we employ a stronger sym-
metry; the Z,-symmetry drastically restricts the possible planes that can occur in
the blow-up. Furthermore, we are able to use Lemma 4.7.5, which is currently a

positive curvature only fact, to eliminate some of the topological issues.

By the above, the singularity must occur at the origin. By Lemma 4.7.1, the type
I blow-up is a union of special Lagrangian planes, and furthermore each con-
nected component must converge to a pair of planes with equal angle. Since Ly is
equivariant and does not pass through the origin, the only possible planes in the
blow-up are o, [/, (with Lagrangian angle O or ) and . /4 (with Lagrangian an-
gle +7/2). This follows since the Z,-symmetry leads to embeddedness breaking

for any other limiting plane.

We now claim that the Z,-symmetry prohibits the planes Iy and I from occur-
ring. Suppose we have a sequence of rescalings L. = )“iL),;Zs’ where we assume
the singularity is at 7 = 0 for ease of notation. Let L! be given by profile curves ¥/,
where we have suppressed the s notation for convenience. Suppose further that
converges to give the real axis in the limit. Then we can find a sequence of points
x' € ¥ with x¥' — 1 € C. Without loss of generality and using the Z,-symmetry
across the axes, we can assume that x’ lie in the strictly real quadrant i.e. the
region Z = {re’® € C: ¢ € (0,m/2)}. Choose R > 0 such that x; € B4g(0) for
i sufficiently large, and consider the sequence of connected components ¢’ C ¥/

containing x', in the sense that ¢’ satisfies the inclusions

ol —— ¢

[

Y s [l
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for the corresponding sequence of connected components ¥/ of L'. For i suffi-
ciently large, we have that o; intersects Bg, and hence Theorem 4.7.1 implies that

we have convergence of the angle 6 against test function to a constant multiple of

27,

Suppose o' intersects the imaginary axis. Then by Z,-reflection, ' is the mirror
image on the quadrant —Z, i.e. the map z — —Z preserves ¢'. Since 0 can be

written for a profile curve y(s) as

0(v(s)) = arg(y(s)) +arg(¥'(s)),

we have that

0 (—v(s)) = arg (—¥(s)) +arg (=7 (s)) = —6(¥(s)) mod =,

since the orientation of ¥ (s) can be freely chosen. However, since the angle is
continuous, and the angle where ¢* intersects the imaginary axis is /2, we have
that

0 (—0') =—6(c") + 7 mod 2. 4.7.2)

Without loss of generality, suppose [y appears in the limit with angle O (angle 7 is
similar). By Theorem 4.7.1, we have for any € > 0 there exists an N such that for

all i > N the “e-bad subset”
T = {x € 6'NBwg(0):|e® — 1| > ¢}

has .
AN (T
2R

<E.

On the other hand, we can also find N such that the “€-good subset”

Si=Al={xec o' NBRg(0):|® — 1| < &}
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has fori > N

A1 (S
TR 1/2

since the density in the limit is at least 1. (Here we have the results in [52, Sec-
tion 5.1] to conclude that it suffices to consider the 7' measure of the curve y
rather than the .7 measure of the Lagrangian.) But this contradicts (4.7.2) since
the same would also apply to —Ti. So o' cannot intersect the imaginary axis in
B4r(0).

Since ¢ does intersect the ball Bg(0), we can find at least two distinct connected

components ¢! and o’ of 6! NA(R,2R), where A(a,b) is the annulus
P 1 2
A(a,b) = By(0) — B,(0).

Hence the density ratio

1(~i
lim ' (6'NA(R,2R)) -

i—o0 R -

In addition, we can choose Gf and Gé such that they have different orientations,
i.e. one must go from the outside to the inside and vice versa. Hence, they must
converge to different limiting curves in the blow-up. There are only two possible
limiting planes with angle 0, either the positive real axis oriented in the positive
direction or the imaginary axis oriented in the negative direction. To see this,
note that the possible limiting planes for curves in the quadrant Z are given by
lines I, with a € [0,7/2]. The plane given by [, has angle either 2a or 2a + T,
depending on the chosen orientation. So the only way to have angle 0 mod 27 is
to have a = 0 or /2, with the above stated orientations. Hence the type I blow-up

therefore contains both [y and I 5.

Our goal now is to bound the density ratio above to show that

1( ~i
[ (S NA(R,2R))

—yo0 R

<3,
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which will then imply that

1( i
(0! NA(R,2R))

j—yoo R

=2

since the limit is integer valued.

Let o} be any connected component of 6' NA(R,2R). Since o; is part of the
connected component 6°, the angle of G,ﬁ converges to 0 and hence for any €,6 > 0

we can find N sufficiently large so that for i > N the €-bad subset
Ti={xcol:|%—1]>¢}
has

ANT)

R < 4.

Huisken’s monotonicity formula implies that

fi(t)z/VH

((—o0,0]), where X is the position vector and p is the back-

2

L
X p('ut)ds

2

1

converges to 0 in L;

wards heat kernel at (0,0) . Hence we can find a subsequence of f; converging
point-wise almost everywhere to 0, and hence for almost every ¢, we can find a

bound on the curvature on any fixed sized ball after rescaling:

/  |HPdp<c.
Y'NBag

Since the equivariant part of the curvature is uniformly bounded away from O on

the annulus A(R,2R), see equation (4.4.6), this implies that

/‘ k?du < C(R).
0-!

k

Let p1,p> be points in G,ﬁ, and let 7(p;) be the Euclidean tangent angle at p;.

Parametrising O',i by arclength, the fundamental theorem of calculus and Holder’s
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inequality give

1T(p2) —t(p1)| =

P2 0
—1Tds
/Pl ds

where dist,(p1, p2) is the intrinsic distance between p; and p; in y. Thus

2
/A szu> ,
Gl

k

P2 ) 1
/ Kdl-l' < (disty(p1,p2))?
P1
. 1
7(p2) — 7(p1)| < C(R) (disty(p1,p2))* -
Recall that the Lagrangian angle 6 at p is given by

0(p) = arg(p) +7(p).

Then we claim that the for any € > 0, the &-bad subset Tki is empty for sufficiently
large i. Suppose for a given € > 0, we can find a sequence of points p’ in Tki with

6(p') = 2¢. Fora giveniand § > 0 to be determined, suppose that x € o; satisfies
disty(x, p') < RS.
The Lagrangian angle at x satisfies

< 0(x) < 6(p')+8+C(R)8?,

B —

8(p’) —8—C(R)S

so by choosing ¢ sufficiently small, we have that x € Tki for all x. But for suffi-
ciently large N, we have that for i > N,

ANT)

<9,
R

a contradiction. Since the initial choice of € > 0 was arbitrary, we have proven
the claim. As a corollary of the claim, we have that for any connected component
G,i and any € > 0, we can find N such that for i > N we can write G,ﬁ as a €'-
small C'-normal graph over either an angle 0 Lawlor neck or the real or imaginary

axes. This holds since Lawlor necks and planes through the origin are the only
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equivariant special Lagrangians, see [52][Lemma 5.1.5]. Furthermore, since some
point in G]i must converge to either the real or imaginary axis, we can guarantee
that G,ﬁ intersects the ball Bg, for sufficiently large i. This holds since as any Lawlor
necks distance to the axis on A(R,2R), is proportional to their minimal distance to

the origin.

Now we are in a position to show that

1 i
[ A (G NA(R2R))

j—yoo R

=2. (4.7.3)

If there are only two connected components G,f, this follows from calculating the
maximum density of a Lawlor neck intersecting Br. Writing a Lawlor neck with

minimum distance to the origin R as

R

_ i9
n(¢) Tt

see [52][Lemma 5.1.5], direct calculation yields that

du =R <\/E—2E G(n—zcot—l(\/ﬁ))‘z)) < ER,

/nmA(R,zR)mz 5

where E (x|m) is the elliptic integral of the second kind. Hence

A1 (6iNA(R,2R))
R

<3
7’

for all i sufficiently large, and since the density in the limit must be an integer, we

conclude that
S (6INA(R,2R
lim 2 (OLNAR, )):2,
j—o0 R

as desired.

So it remains to verify there are only two connected components. This is a matter
of simple topology, as illustrated in Figure 4.11. There is no way to have more
than 2 connected components with the curve remaining embedded. Hence we have

shown that (4.7.3) holds, and hence that the connected component o' contributes
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A(R,2R)

Figure 4.11: If 6'NA(R,2R) has more than two connected components, it is impossible to com-
plete the curve ¢’ without breaking embeddedness. The figure illustrates a failed
attempt to do so.

to the type I blow-up a single copy of the real and imaginary axes, /o and I .

We can now derive the final contradiction. Leaving the quadrant Z, note that the
Zp-symmetry implies that /o and I, both occur as a double density plane; in
essence we have two Lawlor neck singularities forming with different angles, see
Figure 4.12. Then we claim that the curves ¢’ and 6° must in fact intersect the
real and imaginary axes within some small ball about the origin, and hence at this
point either embeddedness breaks or the monotone condition breaks. This claim
is proven after this proof since it is important in other contexts in this paper, see
the Lemma 4.7.5. So we have derived a contradiction.

By equivariance, we must have that if [/, appears in the blow-up then so does

0

Iz /4 and vice versa. Hence the blow-up is (a multiplicity n copy of) C /2
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.g
2

Figure 4.12: In the case of a double density copy of C;:;g , the scale lemma guarantees an in-
tersection with the axes within some small ball. Thus we either have an non-
embedded (green) or a non-monotone (red) Lagrangian, a contradiction.

4. See [52, Theorem 5.2.15]. In the above argument, we can already see how the
rescaling is forming a Lawlor neck. The remaining details are similar to those

used by Wood, and are hence omitted.

[]

Sketch proof of Proposition 4.7.4. Let X ; be a sequence of connected components con-
verging to a multiplicity 2 copy of the cone C?r /2 Since X; are connected within a ball
Bpg of small radius R for sufficiently large j, and since they converge to a multiplicity 2
copy of the cone Cg /20 then within Bg, either X; intersects the positive real axis greater
than once, or X; intersects both the real axis and the imaginary axis. Since they are
connected within Bg and are equivariant, we must have that they bound a disc D C Bg.

But D C Bg implies k [, ® < KfBR o << 27, so L is not monotone before the singular
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time, a contradiction. O

We conclude this section with the following lemma, which enables us to define
/4

surgery at singularities. The same proof but with the cone C;r 1 completes the proof of

Proposition 4.7.2.

Lemma 4.7.5 (Scale lemma). Let Ly be a monotone equivariant Lagrangian mean cur-
vature flow in CP? with a finite-time singularity at the origin at time T < oo. Suppose
the type I blow-up is the cone C?r 1 and the connected component converging to Cg P
intersects the real axis.

Then for any R > 0, gy > 0, § > 0, there exists an € with 0 < € < & and a time t'

with T — & <t <T such that LyN\ By intersects C at the time t', where Bg := Bg(0)

/2+2¢€
is a ball of (Euclidean) radius R at the origin.

In essence, the scale lemma guarantees that singularity formation happens on an
arbitrarily small scale. When we do surgery, this allows us to reduce the intersection
number with the cone Cg /2 thus controlling the total number of surgeries any flow
can undergo. Currently, no such result exists for Lagrangian mean curvature flow in
Euclidean space. Indeed, the proof we give relies heavily upon barriers that cannot exist
in Euclidean space; instead, all equivariant minimal surfaces that don’t pass through the
origin are Lawlor necks and are hence asymptotic to Cg /2 rather than intersecting it near

the origin.

Proof. Suppose not. Then there exists R > 0, & > 0, 6 > 0 such that for any & with

O0<e<egandt withT -6 <t <T, Ly N Bg does not intersect Cg Since T is

J242¢"
the first singular time, we can, by taking a smaller R > 0 if necessary, have that Ly N Bg
is empty at time 7 — 6. We may also freely assume R < 1.

Note that since Y has a finite-time singularity at the origin, we have that there exists
some Q > 0 such that max,c, 7(p) < Q forall time ¢ € [0,T), where r(p) is the Euclidean
distance to the origin.

Consider the complete immersed minimal equivariant surfaces Ly. constructed in

Theorem 4.6.3, where Yc(s) = rc(s)e™ has initial values 7(0) = ry,7/(0) = 0. Since Ly
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Figure 4.13: In order to form a singularity, ¥ must eventually intersect }c within Bg/,. But to
do so, it must first intersect ¢ within the annulus A(R/2,R), and hence intersects

0
a cone Cn/zJr28 for e > 0.

is complete, yc intersects ¥ a finite number of times, non-increasing under the flow. By

choosing C > 27 sufficiently large, we can find a curve Y such that
1. Y has maximum r, > Q.
2. re(s) <R/2forall s € [—m /4,7 /4], see Proposition 4.6.4.
3. The inner period Y. (see Lemma 4.6.2) satisfies Y < /2 +2¢g.

Consider the set

y:{pef}/;p:’}/c(s) fors € [07WC/2]}7

where ¢ is the period of Y. Since 7y is monotone and both ¥ and 7y are complete,
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this set is non-empty and finite for all time. Furthermore, if p € .7, then r(p) € [R, Q]
for all time by assumption, since otherwise we would have found a point p € L, N Bg

intersecting C?

/2426 for some € with 0 < € < g. Since the number of intersections

between ¥ and ¢ is non-increasing, Ly M Ly N Bg is empty for all time.

However, since the connected component giving C?r P in the blow-up contains the
real axis, we have that the intersection with the real axis converges to O since otherwise
the blow-up would have to contain a line C0 with a < /4. In particular, there must exist

some time 7 with T — 8 < 7 < T when L, N Ly. N Bg is non-empty, a contradiction. [

Remark 4.7.6. The final step of the above proof can be simplified using the assumption

that the Lawlor neck is the type II blow-up.

4.8 Graphical Clifford tori are stable

A natural condition to impose on solutions of the equivariant flow (4.4.6) is that vy is
graphical over the minimal equivariant Clifford torus L. We have already studied mini-
mal solutions of (4.4.6): the only embedded minimal solution is L;. Thus, by Proposition
2.3.3, if we can prove that y has long-time existence, then we obtain convergence to L

in infinite time.

Remark 4.8.1. Recall the fibration {L } by Clifford-type tori given by the moment map

-y - 1 2 2
plbesy: ) = o (WP

The equivariant fibres are

L, = {Lrem’ r> 0}

and from here on we denote by €2 the holomorphic volume form relative to L,. Then for

a Lagrangian L, we defined the Lagrangian angle 0 relative to Q by
QL = ei@ VO]L .

Recall that in the Calabi—Yau case, if 6 can be chosen to be a real-valued function, we

call L zero-Maslov with respect to Q. Furthermore, we call L almost-calibrated with
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respect to Q if there exists some & > 0 such that
cosf® > 6 > 0.

Note that y is graphical over L if and only if 7y is almost-calibrated with respect to Q.
However, unlike in the Calabi—Yau case, 0 defined in this way satisfies the evolution
equation
d

—0=A0+d'a,
ot

and hence the parabolic maximum principle does not imply that cos @ is increasing in
time. Indeed, consider the following setup: let ¥ be a small ellipse with eccentricity
0 < e < 1 centred on the origin. Then 7 has a finite-time singularity at the origin. Fur-
thermore, if e is sufficiently close to 1, the singularity is type II and has type II blow-up
a Lawlor neck. In particular, there is no constant 6 > 0 such that cos 0 > § for all time.
So almost-calibrated is not preserved in general.

Furthermore, even in the case where Ly is monotone, we should not expect almost-
calibrated to be preserved locally. Indeed, we construct an example later in the thesis
where a non-graphical Clifford torus forms a finite-time singularity. However the con-
struction seems to indicate that the almost-calibrated condition breaks locally in this
case.

These examples illustrate two ideas. Firstly, we should consider y as graphical
rather than almost-calibrated. Secondly, we should only expect graphical to prevent
type II singularities in the case that y gives a monotone torus Ly. This concludes the

remark.

Proposition 4.8.2. Let Ly be a monotone equivariant Clifford torus, graphical over the
minimal equivariant Clifford torus L. Then under mean curvature flow, Ly exists for all

time and converges to Ly in infinite time.

Proof. As mentioned above, it suffices to show that we have long-time existence. First,
note that the graphical condition is preserved up to any potential singular time since the
intersection number of y with any cone Cj is decreasing in time by Proposition 4.7.2.

Suppose for a contradiction that we have a finite time singularity at time 7. Any
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finite-time singularity must occur at the origin by Proposition 4.7.2, and must have blow-
up given by Cg /2

For any graphical y and € > 0, the cone Cg intersects ¥ 4 times, dividing

/2—2¢
the Maslov 4 disc into 4 triangles. Denote the triangles intersecting the positive and
negative real axes by P;” and P, and the triangles intersecting the positive and negative

imaginary axes by O and Q. Note that since L, is monotone,

/ w=4n/6=2m/3.
P +P; +08 +0;

Suppose the type II blow-up of a connected component is a Lawlor neck intersecting the
real axis (this assumption is reasonable and simplifies the proof, but can be removed, see

Remark 4.7.6). Then for any € > 0, we have that

w—0
P

ast — T, where P is the J-holomorphic triangle bounded by y and Cg J2—2¢" intersecting

the positive real axis and with a vertex at 0. But the total area contained outside the cone

is bounded above by /2 + 2¢, so

/ o< 1m/2+2€.
0 +0¢

Let € = /48. We can find a time ¢ close to 7' such that

/ o < m/24.
P +pP;

Then at ¢,

/ wo<rm/2+x/12="Trx/12<271/3,
P +P; +08 +0¢

which contradicts Ly being monotone. [

Remark 4.8.3. As in Remark 4.7.6, the assumption that the type II blow-up is a Lawlor

neck simplifies the proof, but is not necessary.

Remark 4.8.4. The proof above actually relies on a secondary, weaker property of
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graphical Lagrangians. Instead of requiring a single pair of intersections with each line
lp, we can instead demand only that y intersects the cone Cg P of opening angle 7/2 in

the minimum of 4 locations.

4.9 Equivariant Chekanov tori collapse

In the following, we will analyse the behaviour of equivariant Chekanov tori under mean
curvature flow. Note first of all that any equivariant Chekanov torus does not intersect
either the imaginary or real axis. Without loss of generality assume the former. Then
there exists a cone Cg, of maximal opening angle y such that C 3, MLy is non-empty. Since
Ly is monotone and the area inside the cone COV, is /2, we must have that v > 27 /3.
We begin by proving there are no minimal equivariant Chekanov tori. This is in-
teresting in its own right, and the method of proof suggests it may generalise to the

non-equivariant case, a result that we conjecture in Chapter 5.
Proposition 4.9.1. There is no minimal equivariant Chekanov torus.

Proof. The result is immediate by the classification of equivariant tori in Section 4.6.
However, we present a different proof since we believe the idea of the proof may be
more widely applicable.

Let Ly be an equivariant Chekanov torus. Without loss of generality, we are free to
restrict to the subclass of Chekanov tori Ly for which y does not intersect the imaginary
axis in C.

Since y does not intersect the imaginary axis and Ly is equivariant, there is some
maximal angle y such that C(J, intersects . Since Y does not pass through the origin and
does not intersect the imaginary axis, =  — d for some 6 > 0. Denote the first points
of intersection of Ly and C% by pTand p,ie. if p € COV, MLy, then r(p*) < r(p).

Consider the J-holomorphic triangle P with boundary on /y, /5,1, /> and y with one

vertex at the origin and the other two vertices at p™ and p~—. As in Example 4.5.2,

B(P) =~ (x-2y),
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Figure 4.14: The triangle P collapses in finite time for a Chekanov torus.

and hence by (2.2.5) we have that

— H=K/(D+7'L'—21[I,
10 P

where }p is the arc of ¥ running from p™ to p~. But

v T
fo<3-3

since the area of P is bounded by the difference between the total area contained in the

cone and the area of the Maslov 2 disc bounded by 7. So

— | H<3y2n+rmn-2y=y—nmt=-6<0.
Yo

Hence Ly is not minimal. O

Corollary 4.9.2. Let Ly be an equivariant Chekanov torus in CP?. Then under mean

curvature flow, Ly has a finite-time singularity at the origin [0: 0 : 1].
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Proof. By Proposition 4.9.1, there is no minimal equivariant representative in the Hamil-
tonian isotopy class of L,. Proposition 2.3.3 therefore implies that we have a finite-time

singularity, which must occur at the origin by Proposition 4.7.2. O]

We also proffer an alternative proof using the evolution equation derived in Lemma

4.5.3.

Proof. Suppose there is no finite-time singularity. We are in the situation of Lemma
4.5.3, noting that the maximum opening angle must be a smooth function of 7 for all ¢
sufficiently large. By the argument above, the right hand side of (4.5.4) is less than —&
for some & > 0. But then there is only a finite period of time when P has positive area,

a contradiction. L]

4.10 Neck-to-neck surgery

In this section we analyse the behaviour of Lagrangian tori at the singular time. The
equivariant condition necessarily (and intentionally) restricts us to two Hamiltonian iso-
topy classes of Lagrangian tori: the Clifford and Chekanov tori. We have shown in
Proposition 4.9.2 that an equivariant Chekanov torus achieves a type II singularity at
the origin with type II blow-up given by a Lawlor neck. Resolving the Lawlor neck
singularity by neck-to-neck surgery gives a Clifford torus. We have also shown that
almost-calibrated Clifford tori have long-time existence and convergence to the equiv-
ariant minimal Clifford torus. Our dream is that under Lagrangian mean curvature flow
with surgeries, exotic tori in CP? flow towards a minimal Clifford torus in infinite time,

so we are led to ask the following question in our symmetric case:

Question 4.10.1. Does an equivariant Chekanov torus flow to a minimal Clifford torus

after neck-to-neck surgery?

The answer to this question is yes, with the caveat that the number of neck-to-neck
surgeries may be greater than one.

In fact, we will prove the following:
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Theorem 4.10.2. Let Ly be a equivariant Clifford or Chekanov torus in CP?. Then,
after a finite number of neck-to-neck surgeries, Ly converges to the unique equivariant

minimal Clifford torus L in infinite time.
Furthermore, we also give a proof of the following existence result:
Proposition 4.10.3. Let n > 0 be an integer. Then

1. There exists a Clifford torus that undergoes exactly 2n neck-to-neck surgeries be-

Jfore converging to a minimal Clifford torus.

2. There exists a Chekanov torus that undergoes exactly 2n+ 1 neck-to-neck surg-

eries before converging to a minimal Clifford torus.

Definition 4.10.4. Let Ly be an equivariant Lagrangian mean curvature flow with a
finite-time singularity at [0 : O : 1] at time 7 < . Suppose the type I blow-up is the
cone C?r 12 and the type II blow-up is (independent of rescaling) the Lawlor neck asym-
pototic to Cg P intersecting the real axis. For any r > 0, we can find € > 0 and a least
time ' < T such that Ly N B, intersects Cg /2426 S in Lemma 4.7.5. We define a new
curve  in C which will give a Lagrangian L¢, which we will call the scale r surgery of
Ly.

Let p* = r/e™(T/4+€) be the smallest radius points of intersection of L, N B, and

C Similar to the proof of Lemma 4.7.5, we can find a curve segment ' (intersect-

0
T/242¢"

0

. j: j: .
%/2+e at points g~, —g— at radius

ing the imaginary axis this time), smoothly tangent to C
¥ < r. Define { to be the union of {’, yNA(r/,e0) and a smooth curve interpolating
between p* and ¢™.

Rescale radially and perform Moser’s trick as in Vianna’s construction to obtain

from L; a monotone surgery of Ly.

Remark 4.10.5.

1. On the level of Lagrangians, this construction is not canonical. Since we need to
use Moser’s trick to obtain a monotone torus, monotone surgery is never going

to be canonical unless you can flow directly through the singularity. In this case
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however, there is a canonical way to perform Moser’s trick since the equivariance
means you can just rescale radially until you obtain a monotone torus. This is a

quirk of the equivariance and cannot be expected in general.

2. The surgery procedure does not require that the type I blow-up is multiplicity 1
(even though we conjecture that all type I blow-ups in this situation are multiplic-
ity 1). In the case that the multiplicity is higher than 1, the closest intersection

point with the cone C?C is continuous in time for times ¢ sufficiently close to

/2+2¢€
the singular time 7. Hence there is no ambiguity about the neck to be cut and

rotated in any case.

3. The surgery is canonical from a symplectic point of view since we always land in

the same Hamiltonian isotopy class.

4. The surgery procedure is designed to reduce the intersection number of L, with
Cg /2 Since we rescale radially, applying Moser’s trick does not alter the intersec-

tion number.

Proof of Theorem 4.10.2. As in the proof of Proposition 4.9.2, we restrict to the case
where Ly intersects the imaginary axis either twice (in the case of a Clifford torus) or
not at all (in the case of the Chekanov torus). Then by Proposition 4.7.2, equivariant
tori can only achieve finite-time singularities at the origin [0 : 0 : 1] with type I blow-up
given by Cg /20 and type II blow-up given by a Lawlor neck asymptotic to Cg /2

Since Ly is compact, it has a finite number of intersections with Cg /2 By Propo-
sition 4.7.2, the number of intersections is a decreasing function of time under mean
curvature flow, and by definition neck-to-neck surgery decreases the number of intersec-
tions with C?r /2

If Ly is a Chekanov torus, Proposition 4.9.2 guarantees a finite-time singularity, at
which point Ly becomes a Clifford torus after surgery. Similar to the proof of Proposition
4.9.2, if Ly is a Clifford torus intersecting Cg /2 greater than 4 times, then Ly has inflection
points and hence cannot be minimal. So Ly either has a finite-time singularity, or after a

finite time has only 4 intersections with Cg /2
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Since the number of intersections is strictly decreasing after surgery and both the
above cases end in either surgery or a reduction of the number of intersections, after a
finite time and a finite number of surgeries, we have the minimum number of intersec-
tions. It has already been shown in Proposition 4.8.2 and the succeeding Remark 4.8.4

that if Ly has 4 intersections with Cg then L, exists for all time and converges to L;.

/2’
The result follows. L]

Remark 4.10.6. As in the secondary proof of Proposition 4.9.2 we could work with
the evolution equations for [, @ directly, rather than just showing there are no minimal

objects and applying Proposition 2.3.3.

We now construct a Clifford torus with a finite-time singularity to prove Proposition
4.10.3. The construction is somewhat technical but the idea is fairly simple: construct a
monotone Clifford torus that has curvature sufficiently high in a neighbourhood of the
origin, and use a barrier to stop ¥ from crossing the cone an /3 for long enough that
a singularity is inevitable. The constants chosen in the course of the proof are of no
particular significance.

First, we prove a small lemma concerning the type I singular time of non-monotone

Chekanov tori.

Lemma 4.10.7. Let L; be a non-monotone equivariant torus bounding a Maslov 2 disc

D ofarea A= [0 < /3. If § has r > R(A) = \/A(x —2A)~" everywhere, then L;

has a type I singularity away from the origin at time

T—110< i )
“6 %\3a_1x/

d
—/(DZK/O)—ZTL’,
dt Jp D

so denoting f (1) = [, ®, we have

Proof. We have that

£(r) = (A_ %) 5 4 %
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Hence the final existence time T of Ly satisfies

T<110< n >
= g3A—7t’

with equality if the singularity is type 1.
Now consider Lg4) given by Yz(4)(s) = R(A)e”. Equation (4.4.1) reveals that Lg(a)
2
%, so B > 2A. Furthermore, a similar
calculation to above gives the final existence time 7" of Lga) as

T,_110< 27 )
T 6 ®\3p_2n/"

Note that if L has a type II singularity, it must be at the origin and since Lg,) is a barrier

bounds a Maslov 4 disc of area B=7

to L, it must occur after T'. But B > 2A implies that 7’ > T, and the result follows. []

Proof of Proposition 4.10.3. We construct the n = 1 case, i.e. an equivariant Clifford
torus Ly with a finite-time singularity. The cases n > 1 follow an iterated version of the
n = 1 case, and the Chekanov case follows automatically from the Clifford case.

See Figure 4.15 for the construction we now describe. Since Y is equivariant, it

suffices to describe the construction only in the positive real quadrant, i.e. the region
Z={re cC:¢€|0,m/2]}.

Let y be a equivariant curve such that Ly is a Clifford-type torus and Y intersects the
cone an /3 3 times in Z. Suppose Y has the minimum of 2 inflection points, i.e. points
with (7, v) = 0. Note that then there are two biangles Q and R bounded by y and Cgﬂ /3
Furthermore, there is a triangle P formed by ¥ and the cone Cg, where Y is the widest
opening angle such that Cg, intersects y exactly 2 times in Z.

We can choose ¥ such that we can find two Euclidean circles { C Q and 11 C R each
bounding discs with area 7/18. Furthermore, we can choose ¥ such that { and 1 both
have r > R(m/18) as in the requirements of Lemma 4.10.7.

Furthermore, we can choose ¥ such that the triangle P has area 7/216. It is clear

we can make these choices whilst also choosing ¥ such that Ly is monotone.



4.10. Neck-to-neck surgery 117

Figure 4.15: The construction of a Clifford torus with a finite-time singularity. Choosing the
area of P sufficiently small and the areas of Q and R sufficiently large guarantees a
finite-time singularity.

The non-monotone Chekanov tori Ly and Ly give lower bounds for the final time
Jo @, Jg @ > 0 via direct application of Lemma 4.10.7. We have that that [, ® > 0 and

Jr @ > 0 (and hence y > 2m/3) for all times < T with

1 6)
T:=-1 — .
6 Og(s

Suppose for a contradiction that the flow exists on the interval [0,7]. Then the
triangle P exists for that period also, and the evolution of the triangle P is as in Lemma

4.5.3. We have that

i/a)<1</a)+(7r—2)<x/w—£
drJp ~ " Jp V=KL
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since Y is decreasing under the flow. Denoting u(t) = k [, @ — 7/3, we see that u(r)

satisfies the differential inequality

to which we can apply Gronwall’s inequality. Since k = 6, we deduce that u(t) satisfies
u(t) < u(0)e?,

and hence
T T\ g T ( 11 6,)7:
< (== - = ey ] et
/Pw_<216 18)6' T 12° /18

Hence the triangle P has a maximum existence time of

which is strictly less than 7', a contradiction. Hence a finite-time singularity occurs in

the period [0, T]. O
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A Thomas-Yau conjecture for the

complex projective plane

We showed a Thomas—Yau type result holds for the equivariant tori in CP?: we have
long-time existence with a finite number of surgeries and convergence to a minimal
Lagrangian. In doing so, we defined a notion of neck-to-neck surgery, which to the
author’s knowledge is the first example of a Lagrangian mean curvature flow surgery in
the literature. Here, it was vital that we were in a Fano manifold: there is not yet any
analogue of the scale lemma (Lemma 4.7.5) in Calabi—Yau manifolds, and this lemma
was vital in guaranteeing we had a finite number of surgeries.

From the point of view of the Fukaya category, the Clifford and Chekanov tori (and
indeed all of Vianna’s exotic tori) represent isomorphic objects, so we conjecture a full

Thomas—Yau theorem for the complex projective plane:

Conjecture 5.0.1 (Thomas—Yau conjecture for the complex projective plane). Let L be
an embedded monotone Lagrangian torus in CP?. Then L exists for all time under
Lagrangian mean curvature flow with surgery, and converges in infinite time (after a

finite number of surgeries) to a minimal Clifford torus.

We also conjecture two related statements, which do not concern Lagrangian mean

curvature flow directly, but are interesting independently.

Conjecture 5.0.2. Let L be an embedded monotone Lagrangian torus in CP?. Then up

to Hamiltonian isotopy, L is one of Vianna’s exotic tori.
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Conjecture 5.0.3. Let L be a minimal embedded Lagrangian torus in CP?. Then L is

the standard monotone Clifford torus up to a rotation by PU(3).
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